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PREFACE. 



INQUIRY among the leading draftsmen shows that nearly 
all their work is done in the third quadrant, or angle. 
It seems reasonable, therefore, to teach the subject of 
Descriptive Geometry in our technical schools as it will be 
used by our graduates. Many years of experience teaching 
this subject proves to the author that the student may learn 
to think with his problem below the horizontal and behind 
the vertical and perpendicular planes, just as well as above 
and in front of those planes. 

A large number of the practical examples given in the 
text were assigned to cadets at the United States Naval 
Academy. It is believed that they will serve well to illus- 
trate the principles of Descriptive Geometry. 

C. E. F. 
University of Tennessee. 

Kuoxvilie, Sept . 1904. 
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DESCRIPTIVE GEOMETRY. 



CHAPTER I. 

DhFINITIOXS AND FtRST PRINCIPLES. 

I. Draw any three planes perpendicular to each other, as the 
planes H, V and P, Fig. i. From any point in space, as A, let fall 
perpendiculars upon these planes, piercing them in the points 
At, A„ and Ap. Then the point A is fully located in space. For, 
if perpendiculars to the planes H, V and P be erected from the 
points Ah, Ay, Ap, they will intersect in the point A. Other 
points may be similarly located. Enough points will determine 
lines, surfaces and solids. 

The operations necessary to locate a point in space from its 
known distances to reference planes, or to record distances on 
those pianes, constitute the elementary principles of Descriptive 
Geometry. 




2. Definition. Descriptive Geometry is that branch of 
mathematics which has for its task the determination of methods 
of showing by drawings the size, shape and position of objects in 

space. 

3. The eye of the observer may be assumed to be anywhere 
in space. The point in which a line from the eye, through an as- 
sumed point, pierces a plane of reference is the projection of the 



y Google 



'E GEOMETRY. 



.e't'cn point on thai plane. These planes are usually the horizontal 
plane, a lieftical plane, and a second vertical plane perpendicular 
to the first, and, therefore, also perpendicular to the horizontal 
plane, known as the perpendicular plane. For convenience, these 
reference planes, also frequently called co-ordinate planes, will be 
referred to as the planes H, V and P. 

4. The point at which the eye is situated is the point of 
sight. When the eye of the observer is assumed to be at an infinite 
distance from the reference plane, the projection is orthographic. 
When the eye of the observer is at a finite distance from the refer- 
ence plane, the projection is scenographic, or more generally the 
projection is called the perspective of the point. 




5. The lines AAn, AAy, AA^ are the projecting lines of the 
point A. In orthographic projection all the projecting lines, 
drawn to the same plane of reference, are parallel, since they are 
assumed to be drawn from the eye, located at an infinite distance. 
Thus, if we have any number of points A, E, C, etc.. Fig. 2, the 
lines, AAb, BBn, CC],. etc., would be parallel. So also the pro- 
jecting lines upon the other planes V and P. In the scenographic 
projection or perspective, the lines AAn, BBi„ CCh, etc., would 
not be parallel, since they are all assumed to be drawn from the 
eye, located at a finite distance from the plane H, through the 
points A, B, C. 

It is well for the student to fix these first conceptions clearly 
in mind by means of simple card-Loard .nodcls to represent the co- 
ordinate planes, and cords or wires to represent lines. 

6. Assume any two points A and B, as shown in Fig. 3, and 
join them with a straight line. Planes through AB, perpendic- 
ular, respectively, to the reference planes H, V and P, contain the 
projecting lines from all points of AB and intersect H, V and P in 
the lines AhE^, A„B„ and ApBp, respectively. Since all perpen- 
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DEFINITIONS AND I^IKST PU'NCirLKS. 3 

diculars from AB upon H pierce H along the line Ai.Bh- the hori- 
zontal projection of AE is the line AhB^. Similarly the vertical 
projection is tlie line AvB„, and the perpendicular projection is 
the line ApEp. The plane passed through AE perpendicular to 
the plane H, containing; the points A, A^, B, Bh, is the horizontal 
projecting plane of the line AB. Similarly the plane through AB 
perpendicular to V is the vertical projecting plmie, and the plane 
through AB perpendicular to P is the perpendicular projecting 
plane. 

It follows from (6) that the projection of any straight line 
on any plane may be had by joining with a straight line the projec- 
tions of any two of its points on that plane. 




J-iff.3 



y. The intersection oi any two co-ordinate planes is known 
as their ground line. Thus, the intersection of the planes H and 
V is a ground line; also H and P, and V and P. 



8. The reference planes are assumed to be indefinite in ex- 
tent in all directions. It follows that Y ext-ends above II and thai 
H continues to the front of V. Since it is not always possible 
to keep the solution of a problem below H and behind V, it be- 
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4 DESCRIPTIVK r.:eOMETKV. 

comes necessary to designate the dihedral angle in which the solu- 
tion may possibly fall. These dihedral angles are known 3.^ 
quadrants and are numbered consecutively, beginning with the eye 
of the observer assumed above H and in front of V. Thus, in Fig. 
4, the angie above H and in front of V is the Urst quadrant, the 
angle behind V and above H is the second quadrant, the angie 
behind V and below H is the third quadrant, and the angle in 
front of V and below H is the fourth quadrant. For example, in 
the figure the point A is in the first quadrant, B in the second, C 
in the third and D in the fourth. In like manner, any line, as AB, 
in Fig. 3, may be fully located in any quadrant. 

9. It is readily seen from the principles and examples given 
above, that no matter how an object may be located or how com- 
plex it may be, by getting the three projections of all of its lines 
and contours, drawings may be made, from which the object may 
be reproduced. Though, in general, two projections are sufficient, 
complex cases call for projections on all the principal planes, and 
in addition, projections on oblique planes. 

10. To make use of the methods of projection, for the pur- 
poses of the engineer, it is necessary that all the projections of an 
object be on the same plane and that the plane of the paper be this 
plane. With the eye of the observer in the first quadrant, above 
H and in front of V, it is therefore agreed that V shall be revolved 
into H, backward. The perpendicular plane may be revolved 
either to the right or left, depending on the location of the object 
to be drawn and the view desired. 

Ri;rEESENTATION OF PoiNl'S. 

11. Disregarding 1', we revolve V into H as shown in Kig. 5. 
In the revolved positon the point A, located in the first quadrant, 
has its vertical projection above the ground line of HV and its 
horizontal projection below. A point B in the second quadrant 
has both its vertical and horizontal projections above the ground 
line. A point C, in the third quadrant, has its horizontal projec- 
tion above the ground line and its vertical projection below, an 
arrangement opposite that of the first quadrant. In the fourth 
quadrant both projectons are below the ground line, as illustrated 
by D in the figure, whereas in the second quadrant both projec- 
tions were above the ground line. Since these points are any 
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DEFINITIOXS AND FIRST PRIMCIPl.K. 5 

points in space, it follows that the projections of all points in space 
follow these laws. For example, any point in the third quadrant 
will have its horizontal projection above the ground iine and its 
vertical projection below. 




12. In Fig. 4, since H and V arc perpendicular to each other 
and since AAi, and AA„ are drawn perpendicular, respectively, 
to H and V, it follows that the distance from A, to the ground 
line equals the distance AAn, or the distance of the point A above 
H. Also, that the distance from A., to ihe ground line equals 
AA,, or the distance of the point A from V. A plane through A, 
Ah, Av, cuts the line A,K from V and the line AhK from H, both 
being perpendicidar to the ground line at K. When V is revolved 
into H, AvK and A„K will be one and the same straight line. 
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perpendicular to tlie ground line at the point K. Therefore, dis- 
regarding the distance from the reference plane P, to draw the 
projections of a point in the third quadrant, lay off below the 
ground line a distance equal to the distance of the point below H. 
Drop a perpendicular to the ground line and produce it. Lay off 
on this perpendicular, above the ground line, a distance equal to 
the distance of the point behind V. Departing from the pictorial 
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and still neglecting the distance from P, we have in Fig. 6, the 
projections of a point C in the third quadrant 5/8" below H and 
9/16" behind V, as shown by the usual methods of Descriptive 
Geometry. In a similar manner the point E is shown in the sec- 
ond quadrant 3/4" behind V and T/2" above H; A is in the first 
quadrant 3/4" above H and 3/4" in front of V, and D is in the 
fourth quadrant 1/4" below H and 3/4" in front of Y. In Fig. 6 
H is in the plane of the paper, and V has been revolved about the 
ground line lettered VH into H. Then all points below H, with- 
out regard to quadrant, will have their vertical projectons below 
the ground line and all points above ,H will have their vertical 
projections above the ground line. We may also show that all 
points behind V will have their horizontal projections above the 
ground line and all points in front of V will have their horizontal 
projections below the ground line. 



j-i^.r 




Fig. 7 shows the point A projected on the three co-ordinate 
planes, A being 5/8" below H, 0/16" behind V and i^" to the 
left of P. The plane P was first revolved about the ground line 
PV into V, and then with V was revolved into H. 

Ex. I. Show the projections of a point 6 inches to the right 
of P, 4 inches in front of V, and 2 inches above H. 

Ex. 2. Show the projections of a point 7 inches to the right 
of P, 6 inches behind V, and 3 inches below H. 

Ex. 3. Ijocate a point by its projections^ts distance from 
P being 2 inches, in front of V 4 inches, below H 6 inches. 

Ex. 4. Show the projections of a point 5 inches to the right 
of P, 2 inches behind V, and 4 inches above H. 

Ex. 5. Show the projections of a point 4 inches to the left of 
P, 3 inches in front of V, and 5 inches above H. 

Neglecting all quadrants except the third in Fig. 4, we 
8. If in Fig, 8, A be moved into V, its horizontal projec- 



13. Neglecting all quadrants except 
get Fig. 8. If in Fig, 8, A be moved into \ 
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DEI^INITIONS AND FIUST PKINCIPLKS. J 

tion will fall on the ground line and the point A and its vertical 
projection Av will coincide. Thus, in Fig. 9, the point A heing in 
the vertical plane, its horizontal projection will be on the ground 
line. The point B is in the horizontal plane and has its vertical 
projection on tlie gi^ound line. What has been shown for H and 
V applies to P. Therefore, if a point be in any plane of projec- 
tion, its projections on either of the other planes will be in a 
ground line. 



A 




Ue, Flg.9 



This important fact is made use of in locating lines. For ex- 
ample, the horizontal projection of the point in which a line passes 
through or pierces the V plane is always found in the ground line. 
If a point, as the point C, of Fig. 9, be located in the ground line 
HV, its projections on those planes coincide and its projection on 
the P plane is at the intersection of the ground lines. 

Note : It is not expected that the student will fin J it neces- 
sary or proiitable to draw a picture of the planes of projection 
with the given line or lines in space and their projections, as shown 
on Fig. 10, for example. These are given in the text with the idea 
of thus making the early and very important conceptions in De- 
scriptive Geometry more clear to the beginner. 




14. Let AB, Fig. 10, and Fig. 11, be any line in space. Pass- 
ing planes through AB perpendicular, respectively, to H, V and P, 
the projections are found upon these planes. 
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8 DESCETPTIVE GEOMETRY. 

(a) If the line be located in either plane of projection it will 
be its own projection on that plane, and its other projections will 
be found in the ground lines of that plane. 

(b) If the line be parallel to either plane of projection, its 
projection on that plane will be parallel to the line itself and its 
other projections will be parallel to the ground lines of that plane. 

(c) If the line be perpendicular to any plane of projection, 
its projection on that plane will be a point and its other projections 
will be perpendicular to the ground lines of that plane. 

(d) If the line be parallel to two planes of projection, its 
projections on those planes will be jiarallel to their ground line and 
its projection on the third plane will be a point. 

(e) If two projections of the line are perpendicular to a 
ground line at a common point, the line can only be determined by 
its projection on the third plane. For, an Infinite number of lines 
in space might be assumed to satisfy this condition. 

(f) Two lines, drawn in two planes of projection, perpen- 
dicular to their ground line, cannot be the projections of a line in 
space, unless they are drawn from a common point. For, as 
shown in Fig. 5, any two projections of a point must be found in 
the same perpendicular to the ground line of the planes on which 
they are projected. 

(g) If two straight lines be parallel in space, their projec- 
tions on the same plane will be parallel. For, their projecting 
planes being parallel, since they are perpendicular to the same 
plane and contain parallel lines, their intersections with a third 
plane will be parallel lines. 

Note: By the aid of Figures 10 and 11, and better, by use of 
a card-board model of the three planes of projection, the student 
should be able to fix clearly in mind the principles set forth in the 
above paragraph. 

In general, any hvo lines drwzsii at will on the paper, may be 
two projections of a line in space, except as limited by (f) of 
Section 14. 

RFCi'RrsEKT.vrioN of 1'lanes. 

15. In Fig. 12, assume an oblique plane, R. Its intersection 
with the plane, H, is known as its horizontal trace. Similarly, its 
intersections with the planes, V and P, would be its vertical and 
perpendicular traces. Therefore, a plane is located by its traces. 
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(a) Wlien the plane R is oblique to H and V, the three 
planes have a common point which is in the ground line, at the 
intersection of the traces which "R makes with H and V. In like 
manner the planes R, H and P, and R, V and P intersect at a 
common point. Therefore, if a plane be oblique to any tmo planes 
of projection, its traces with those planes intersect their ground 
tine in a common point. 




Fig.13 



(h) if a plane R be perpendicular to one of the planes of 
projection and oblique to the others, its trf.ce with the first plane 
will be oblique to the ground lines of that plane, while its traces 
with the other planes will be perpendicular to their ground lines. 

(c) If a plane R be perpendicular to two planes of projec- 
tion, its traces on those planes will be perpendicular to their 
ground line, but parallel with the ground lines of the third plane 
of projection. 

(d) If a plane R be perpendicular to a ground line, it will 
be perpendicular to the two planes of projection, which intersect 
in that line ; for, if a line be perpendicular to a plane, any plane 
containing the line ■will be perpendicular to that plane. And it 
follows from (c), Section 15, that if the traces of a plane be per- 
pendicular to the ground line, the plane will also he perpendicular 
to the ground line. 

(e) If a plane R be parallel to cither plane of projection, it 
will have no trace on that plane. 

(f) If a plane R pass through the ground line of any two 
planes, it makes no traces with those planes other than their 
ground line, and can only be determined by its trace on the third 
plane of projection. 

(g) If two planes be parallel, their traces on the same plane 
will be parallel ; for these traces are the intersections of one of the 
planes of projection with the parallel planes. (See (g). Section 
I4-) 

(h) If a plane R be parallel to a ground line but oblique to 
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the two ])lanes fomiing; the ground line, its traces will be parallel 
to that ground line, but oblique to the others. 

Fig. 12 and Fig. 15 (a) illustrate the case of a plane oblique 
to all the planes of projection, as discussed in (a), Section 15. 
Fig. 13 and Fig. 15 (b) illustrate the case of a plane perpendicular 
to one plane of projection but oblique to the others. Fig. 14 and 
Fig. 15 (c) show the case of a plane which is parallel to one plane 
of p'"oJ€ction. 




^.^^ 


""\ ^^ 










/ 

/U) 


(B) 


^ 


CI 



\0TATI0N. 

16. Call the three planes of projection, horizontal, vertical 
and perpendicular by the letters (capitals) H, V and P. Call 
points by the first letters of the silphabet, beginning with A and 
omitting H. The projections of a point are marked by means of 
subscripts to denote in which plane the point is projected. For 
example, the point A, Fig. 16, has its projections marked An. Av, 
A,. 



Fiff.ie 



Since, in the solution of a problem, two or more points of a 
line are known or easily assumed, it is convenient to speak of a 
line as the line AB, A and B being any two points of the line. 
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When the point or line in space are considered, the subscripts are 
dropped, but when the projections are considered the subscripts 
are read as Ab, read " A sub h," 

17. Planes may be denoted by the last letters of the alphabet, 
beginning with R, omitting V, anil would be read, the plane R, S, 
etc. On the drawing, a good rule would be to put a capital letter 
at the intersection of the traces with a ground line. When addi- 
tional letters are needed to properly designate the plane, they will 
be placed at the end fartherest from the ground line, and subscripts 
used to denote which plane of projection the trace is in. If the 
traces are parallel, the capital letter may be placed at the left. 

iS. The three planes of projection give three ground hues. 
Call the ground lin^s by the planes which form them. Then the 
ground line between H and V will be HV, the ground line be- 
tween H and P will be HP, and the ground line between V and P 
will be VP. 

19. The ground line will be a heavy black hne. Traces of 
planes, given or required, when visible, will be drawn full or solid 
lines. When behind other planes, other than the planes of projec- 
tion, the traces will be drawn thus ~- ~~ — 

Traces of auxiliary planes will be thus — 

Given or required lines, when visible, will be full: auxiliary 
and hidden lines will be broken, thus — — — — 

The projecting lines of a point will be dotted lines, thus 

A point in space, as the point A, when revolved into H, V, or 
P, will be marked A'. If the same point is revolved to a second 
position it will be marked A", etc. 

Revoll:tion or Oeji;cts. 

20. Already has been shown the necessity of revolving V 
and P into H in order that the problems of the engineer may be 
solved in a convenient form by the graphical methods. 

Let it be required to revolve any point in space into a plane 
of projection, about an axis in that plane. Any object is revolved 
about a line as an axis when the path made by each point of the 
object is the arc of a circle with its center on the axis, and its plane 
perpendicular to the axis. It therefore follows that the relative 
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positions of the points of the object do not change, no matter what 
the angle of revolution. In Fig. \-j let the point A be revolved 
into H about any line of H, as the line BC, as an axis. Through 
A;, draw the line Ai,B perpendicular to BC, producing it indefi- 
nitely toward A'. The horizontal projection of the patli of A dur- 
ing revolution will be on the line BA', Join A and B. Then the 
triangle, ABAn, is a right angle triangle with the right angle at 
An (AAh being perpendicular to any line of H drawn through its 
foot and is therefore perpendicular to the line BA'). Revolve A 




to A' about r>C as an axis. Then A' B is equal to AB and js there- 
fore equal to the hypoihcnuse of a triangle of which the distance 
of the point A below H is the altitude and the distance of its hori- 
zontal projection from the axis of revolution is the base. But the 
distance of the point below H is shown by the distance of its ver- 
tical projection from the ground line HV. Therefore, to revolve 
a point into H about an axis in that plane, through the horizontal 
projection of the point draw an indefinite line perpendicular to the 
axis. Lay off from the axis on this line a distance equal to the 
hypothenuse of a triangle of which the base is the distance of the 
horizontal projection of the point from the axis, and the altitude 
is the distance of the vertical projection from the ground line. 
The same reasoning holds for all planes and all quadrants. 

If the axis be drawn through the horizontal projection of the 
point, the base becomes zero and the hypothenuse of the triangle 
equals its altitude. 

Gkmkrai. Princtplhs. 

z\. If a line be parallel to a plane, its projection on that 
plane will equal the true length of the hue. For, the projecting 
lines of the end points, the line itself and its projection, form a 
rectangle whose opposite sides are of equal length. 



22. If a point be on a line its projections 
projections of the hue. 



n\\ be found on the 



y Google 



GENERAL PRINCIPLES. I3 

23. If two lines intersect in space, tlieir projections will in- 
tersect, and the projections of this point of intersection must be 
fottnd on the same perpendicular to the ground line. 

24. Since a straight line may he determined by any two of 
its points, it may be readily determined by the points in which the 
line pierces any two planes of projection. These points are com- 
monly called the traces of the line. A line may have one, two or 
three traces, as it is parallel to two, to one, or oblique to all the 
planes of projection. 

25. In a similar manner, since a plane is located by any two 
of its lines, it may be readily located by its intersections with any 
two planes of projection. These tines are called the traces of the 
plane, and are designated as the horizontal trace, the vertical trace, 
or the perpendicular trace. 



26. If a 
the plane. 



ebe i 



1 plane, its traces will lie in the traces of 



I. Draw the projections of a line lying in the third and 
fourth quadrants. See Figs. i8 and 19. Project in each case 
on all the planes of projection. 
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2. Draw the projections of 
parallel to V and oblique to H. 

3. Draw the projections of a li 
oblique to V and parallel to H, 



line in the third quadrant, 
the second quadrant 
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4- Draw tlie projections of a line in the third quadrant 
oblique to both H and V and passing through the ground line, HV. 

5. Draw the projections of a line which intersects the ground 
line HV, at a point 3" to the left of P and pierces P at a point 
I 3/4" from H and 2 1/2" from V. 

6. The point A is 2" above H, i" behind V and 1/4" to the 
left of P. The point B is in H, 3 7/8" to the left of P and i" in 
front of V. Draw AB and locate the point where AB enters V. 

7. Draw the projections of a line passing through the first, 
second and third quadrants. See Figures 20 and 21. 




8. Draw the projections of a line passing through the sec- 
ond, third and fourth quadrants. 

9. Draw the projections of a line passing through the third, 
fourth and first quadrants. 

ro. Draw the projections of a line pa'^sing through the first, 
second and fourtli quadrants. 

Ji. Draw the projections of a line passing through the first 
and third quadrants. 

12. Draw a line in V below H. 

13. Draw two lines intersecting in the second quadrant at a 
point 2" from H and 2" from V. 

14. Draw any line through the first quadrant, through the 
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choice: 01' QUADRANT. 15 

point A, in H and 2" behind V. Intersect this Hne at the point A, 
with a line passing through the second, third and fourth quadrants. 

15. Draw any obHqne plane, as the plane R, and show its 
traces in all the quadrants, with all the planes of projection. 

i6. Draw a plane perpendicular to H but oblique to the other 
planes of projection. 

17. Draw a plane perpendicular to V but oblique to H, 
showing its traces with all planes of projection. 

18. Draw a plane perpendicular to P but oblique to H, and 
V, passing through the first and fourth quadrants. 

19. Draw a plane perpendicular to P but oblique lo H and 
V, passing through the second and fourth quadrants. 

20. Draw the traces of a plane perpendicular to P and paral- 
lel to H. Also a plane similarly drawn, parallel to V. 

21. In any oblique hne find the point which is equally distant 
from H and V. 

22. The point A is 3" to the right of P, 4" above H and 5" 
in front of V. The point R is 7" to the right of P, 3" behind V 
and 4" below H. The point C is 2" to the right of P, 3" behind V 
and 5" above H. Draw the projections of the triangle, ABC. 

23. The line AB is in the H plane. It intersects the HV 
ground line one inch to the right of P and makes an angle of 30° 
with HV. The point C is 6 inches to the right of P, 4 inches in 
front of V and rj inches above H. Find the true distance from C 
to the line AB. 

27. The student should now be familiar with the methods 
of projecting points and lines on the three planes of projection 
and should, without difficulty, work in any qiiadrant. Solution in 
the first or third quadrant will usually be easier than in other 
quadrants, depending on which is adopted for constant use. If 
any difficulty is met in other quadrants, it is well to solve the case 
in the quadrant where it is easiest solved, step by step, along with 
the solution in the required quadrant. 

Ciioici; o£' Quadrant. 

Nearly all text books on Descriptive Geometry teach firs-t 
quadrant projection ; that is, the data is so stated that the solution 
so far as may be is above H and in front of V. However, in many 
cases a part of the construction will fall in other quadrants. 

For first quadrant projection assume that a cube be placed on 
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the H plane in front of V and to the right of P. Then, for the H 
projection the eye is assumed to he at an infinite distance above H, 
for the vertical projection the eye is assumed to be at an infinite 
distance in front of V, and for the P projection the eye is assumed 
to be at an infinite distance to the right of P. In each case the 
line from the eye through the point must be produced to meet the 
plane of projection. 
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The position of the cube in space with reference to the planes 
of projection is shown in Pig. 22. The projections of the cube on 
H, V and P planes are shown in Fig. 23, V being revolved back- 
ward into H, and P being revolved to the left into H. Considering 
the top of the drawing as placed in Fig. 23, then in first quadrant 
projection the front view of the object is at the top of the sheet. 
with the top view at the bottom of the sheet, and the view from the 
right is to the left of the sheet. This arrangement is simple 
enough that it need not give any trouble to a man familiar witli 
mechanical drawing to read the drawing correctly and work from 
it. However, the shop man who has never studied Descriptive 
Geometry instinctively looks for the top view of the piece he is to 
build at the top of the sheet, for the front view in front of the top, 
for the right hand view at the right of the sheet and the left hand 
view to the left. This arrangement of views on the sheet is often 
known as the shop method of projection. It really is third quad- 
rant, or third angle projection, with the P plane placed between 
the eye and the object. 
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A. clear conception of third quadrant projection is given by 
considering the object to be drawn placed in a box with edges 
hinged. The top of the box would he a portion of the H plane be- 
hind V. The front of the box would be a portion of the V plane 
below H. The ends of the box would be portions of P, below H 
and behind V, placed at will to the right or left of the object. 
Fig. 24 shows the planes arranged as a box with the cube inside. 
The ground lines HV. HP and VI' are lettered as in former 
figures. 
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Fig. 25 shows the top, front and end of the box revolved into 
a single plane, and Fig. 26 shows the projections of the cube ac- 
cording to the methods of Descriptive Geometry. 

Inquiry among leading draftsmen in the principal designing 
rooms of the cormtry shows that nearly 95% of all work is done 
by the third quadrant projection. Tt seems worth while, therefore. 
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l8 DKECRlPTJVe CROMETRY. 

to conform tlie class-room study of the subject to the practice 
which graduates must meet and adopt. 

In the discussion and problems which follow, all data will be 
so stated as to place the solutions in the third quadrant, so far as 
possible. When the P plane is used, it will be placed between the 
eye and the object to be projected. The student will have no dif- 
ficulty in getting this idea clearly in mind if he will in each case 
consider that the object is placed in a box, as shown in Fig. 24. 

As all points, lines, planes and solids are referred to the three 
planes of projection, time may be saved by adopting- a conven- 
tional method of determining distances from these planes and the 
position of points with reference to them. Jn order to have some 
fixed origin, assume the P plane to be placed at the left hand bor- 
der of the sheet. As the projections on the perpendicular — also 
known as profile planes— are not usually needed, this assumption 
of P places it well out of the way, but it will be reassumed when- . 
ever needed, whether to the right or left of the object drawn. In 
referring to the distances of a point from the reference planes, we 
will give them in this order : distance from P, distance from V, 
distance from H. Call measurements to right of P, in front of V, 
and above H, plus, and measurements to left of P, behind V, and 
below H, minus. The point A may therefore be located as A 
(6. — 3, — 6), being 6 inches to right of P, 3 inches behind V and 6 
inches below H. It is understood that when the sign is omitted 
it would read plus, as for example, 0(3,4,' — 6), which would be 
read B( 3,4-4,— 6). 

Elementary Projections in the Third Qu.'\dr.\nt. 

Ex. I. Draw the projections of the triangle A(3, — 6, — 8), 
B(o, o, — 4), Cf6, — 3. — 1) on all the planes of projection, show- 
ing revolved position of planes, as in Fig. 26. 

Ex. 2. Draw projections of a cylinder 2" in diameter, 4" 
long. Its axis is parallel to H and V, and passes through A 
(1,-3,-4). 

Ex. 3. Draw the line A (2,o,' — 4'1 B (6,0, — 1). Find short- 
est distance from C (4,-6, — 4) to the line. 

Ex. 4. The base of a pyramid is a regular hexagon. Its cen- 
ter is the point {4, — 4, — 6). The plane of its base is parallel to 
the H plane. The diameter of the circumbscribed circle is 3 inches, 
the height of the pyramid is 4 inches. Draw its projections. 
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CHAP'rER 11. 
28. Problkms on the J'oixT. Line ^nd Plane, 

Problkm I. To find the traces of a given line. Let AB in 
Fig. 27 be the given hne. 

Solution. Consider first the trace of the line in V. Since 
the required point is in the given hne its vertical projection will 
lie in the vertical projection of the line, and will then be a point in 
the vertical plane. Its horizontal projection will be in the ground 
line, as every point of the vertical plane will be horizontally pro- 
jected in the ground line. But the point will have its horizontal 
projection in the horizontal projection of the given line. There- 
fore, the intersection of the horizontal projection with the ground 
line will be the horizontal projection of the vertical trace of the 
given line. Therefore, to find the vertical trace of a line, produce 
its horizontal projection to meet the ground line, A perpendicular 
to the ground line at this point intersects the vertical projection of 
the line in the reqiiired vertical trace. The same rule applies for 
finding the traces of a line in either H or P. 
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Construction. Fig. 27 illustrates pictorially all the opera- 
tions necessary in finding the traces, D, C and F, respectively, in 
the planes H, V and P. In Fig. 28, to find the trace of the line in 
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H, produce its vertical projection to intersect the ground line HV 
in Dv Erect a perpendicular to HV at D,. Tlie perpendicular 
intersects the horizontal projection of the line, produced, in Dm 
the required horizontal trace. Similarly, to find the trace in P, 
produce the vertical projection to intersect the ground line VP in 
the point F,. A perpendicular to PV at Fv intersects the perpen- 
dicular projection of the line in Fp, the required perpendicular 
trace. 

Example l. Draw the projections of a line in each quadrant 
and find traces in H, V and P planes, noting, particularly, how the 
P projection and P trace are found. 

29. Problem 2. To find the true length of any oblique line 
in space. 

In Figs. 29 and 30 let AB be the given oblique line. 




Solution. If the horizontal projecting plane of the line be 
revolved about any axis perpendicular to H, until it is parallel to 
V, all its lines being parallel to V will be projected upon that plane 
in their true lengths. 

Construction. With center Bn and radius AbBn, strike the 
indefinite arc AbA't. BhAV will be the horizontal projection of AB 
when parallel to V, and A'„Bv its vertical projection, showing the 
true length of the line. In like manner the line might have been 
revolved about an axis perpendicular to V until parallel to H and 
its true length projected on II. Show the true length by revolving 
parallel to V, also by revolving parallel to P. 
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30. Second Method. Fig. 31. If the horizontal projecting 
plane of AB be revolved about its horizontal trace into II, AB will 
then be a line of H and will be shown in its true length. 




CoNSTRUuTiON. Through AB pass its horizontal projecting 
plane R. The projection A^By, will be in the horizontal trace of R. 
for AB is in the plane R and all points in R will be horizontally 
projected in the horizontal trace, since R is perpendicular to H. 
The point A will revolve in a perpendicular to the axis through 
Ah, and to a distance from Ah equal to the distance of A below H. 
Similarly, B will revolve to B' and B^ B' equals the distance of B 
below H, equals the distance of B, below the ground ime. The 
true length of the line AB is shown by A' B'. 

By producing the line AB to meet H in Ci„ Ci, being in the 
axis of revolution remains fixed, and if the work is correct v/ill b.= 
in the hne A'B' produced. 

The angle made by the line AB with the plane H is measured 
by the angle which the line ma!<es with its projection on that plane. 
This angle is shown in its true size when AB is revolved into H at 
A'B' in the angle B'CJSh- 

.•?!. Probl>';m 3. The traces of a line being given to deter- 
mine the hne. In Fig. 32, !ct B^ be the vertical trace of the line 
and A], its horizontal rrace. 




SoLUTcoK. Since B, is the point of the line in V, its horizon- 
tal projection will be found in the ground line HV; and since A.„ 
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is the point of the line in H, its vertical projection is in the ground 
line HV. Therefore, the projections of two of its points being 
known, the line is determined and its projections may be drawn. 

Construction. Perpendiculars upon the ground line HV, 
from Ah and B, locate A, and Bn. Joining AhB^ and A^B, we 
have the projections oi the line AB. 

Example i. The traces of a line are A (o, — 3, — 6), B 
(4,0—2). Draw the projections of the line AB on H, P and V. 

32. Before going farther, the student should become famil- 
iar with projections of lines and points in all the quadrants and 
upon all the planes of projection. For example, the problems i, 
2 and 3 should be solved as readily in the first, second or fourth 
quadrants as in Lhe third, or projections be found as readily on 
the perpendicular plane as on the vertical. 

Examples. 

1. Draw llie projections on all the planes, of a line passing 
through A (2", — 3", — 4) and B ( — 7.,- — 3, — i). Show the true 
distance from K to B. Show the angle made by AB with H. 

2. Join A(3, o, — 2) and B(o, — 4, — 4). Find the angle 
made by AB with the plane P. 

3. The points A(i/2, 3, 1/2) and B(3, — i, 4) detemiine 
the line AB. Find the true length lying in tlie first quadrant. 

4. Find the true distance from A(^2", — 2", — 2"), to B 
(3", — 4", — 5"). Locate the point in which AB pierces 11, V and 
P. Find the angle which AB makes with V. 




33. Problem 4. To assume a line in a given oblique plane. 
Let R in Fig. 33 be the given plane. 

Solution. Since the traces of the plane are lines in H and V, 
any point in the horizontal trace may he assumed to be the hori- 
zontal trace of somie line of the plane. In like manner any point 
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of the vertical trace may be assumed to be the vertical trace of 
some line of the plane. Therefore, since two points of a line may 
be determined, the line is known. 

Construction. Assume any point in the H trace, as Bi,. Its 
vertical projection will be in the ground line HV, as every point 
in it is vertically projected in the ground line. Similarly, A„ is 
any point in the vertical trace of the plane. Its horizontal projec- 
tion will be in the ground line IIV. Draw the projections of AB 
through the projections of the points A and B. 

Solve the same problem, using the P plane in place of the H 
plane, 

34. Second IVTethod. Fig, 33. 

Solution. Since an infinite number of lines may be horizon- 
tally projected in the line AnBh, we may assume one to be the pro- 
jection of a line of the given oblique plane Its intersection with 
the ground line IIV will be the horizontal projection of the verti- 
cal trace of the line. Its intersection with the horizontal trace will 
be the horizontal trace of the line. Therefore, the projections of 
two points of a line being known, the line is determined. 

35. To assume a point in an oblique plane it is only neces- 
sary to assume one projection. Through this projection pass any 
line of the plane. The other projections of the point will be found 
in the other projections of the line. 




36, If a line of a plane be drawn parallel to one of its traces, 
its other projections will be parallel to the ground lin«s. For, let 
the line AB in Fig. 34 be drawn parallel to the vertical trace of 
the plane R. Then, the lines being drawn parallel, their projec- 
tions on any plane will be parallel. But the horizontal projection 
of the vertical trace is in the ground line HV. The horizontal 
projection of AB will therefore be parallel to the ground line HV 
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The same reasoning applies to projections on the perpendicular 
plane. 

Note: P"ig. 34 illustrates the most convenient auxiliary line 
of a plane, its projections being parallel to known iincb of the 
plane. This construction is much used later in the book. 

Example i. Show the traces of a plane in the second quad- 
rant and locate a point in the plane. 

Example 2. I'he traces of a plane pass through the points 
A (4,0,0), B (6,0,-6), C (4,-5,0). Locate a point D 
(x. — 2, — 3) in the plane. 

Co .fJ STRUCT ION. Draw a line of the plane at a distance of 3 
inches below the H plane. Such a line will have its V projection 
parallel to the ground lire HV anrl its H projection parallel to the 
H trace of the plane R. This line will contain the point D. Simi- 
larly, draw a line of the plane R at a distance of 2 inches behind 
the V plane. This will have its H projection parallel to the ground 
line, its V projection parallel to the V trace and will also contain 
the point D. The intersections of these lines will be the projec- 
tions of D. 

Example 3. The plane R is in the fourth quadrant. Locate 
in R a point one inch below H and one inch in front of V. 

37. Problem 5. To pass a plane through two lines which 
intersect, or are parallel. 

The lines are AR and CD intersecting in the point L, as in 

rig- 35- 




Solution. Since the lines lie in the required plane, their 
traces are in the traces of the plane; and since two points are sn.''- 
ficient to locate a line, the vertical trace is determined by the verti- 
cal traces of the two lines. In .1 similar manner the Iionzontal 
trace is determined. 
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Construction. Produce the projections of AB and CD to in- 
tersect the ground line to find their traces in H and V. Through 
the traces of the Hnes draw the traces of the plane R. If the work 
is correct, the traces of the plane will intersect the ground line at a 
common point. If one trace of a plane is known, on« pOiiit in the 
other trace will be sufficient to draw the trace ; for, it will oither 
intersect the ground line at a point common to both traci;s, or it is 
parallel to the ground line. It may be necessary to pr-,>duce the 
traces far beyond the limits of the drawing to find this common 
point of the traces. 

.^8. To pass a plane through three points it is only necessary 
to draw lines through the points which either intersect or are 
parallel, and find their plane, as in Problem 5. 

,-^9. To pass a plane through a point and a line, either draw 
a line through the point intersecting the given line, or parallel 
with it. 

40. If the given lines do not intersect the ground line within 
the limits of the drawing, new lines intersecting the given lines 
may be assimied which, passing through two points of the plane, 
lie in it and their traces, therefore, are points in the traces of the 
plane. 




Fifj. SQ 



In Fig. 36 the projections of the lines AB and CD do not in- 
tersect the ground line within the limits of the drawing. Any 
other lines, as AD and BE, may be assumed, intersecting the given 
lines and intersecting the ground line, as shown, locating the traces 
of the plane "R. 
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The sUident should solve Problem 5 with all its special cases 
on the perpendicular plane. 

41. Problkm 6. To find the angle between two straig-ht 
lines which intersect. 

In Fig. 37 let AB and CD be the two given lines intersecting 
in the point K. To find the angle A E C. 



/ 




:3^ 


5^ 






^\^\ 










*$ 


V 









^ 



A-' ' 


Is 

V 




'^' 



Solution. If a plane be passed through ihe two lines and 
then revolved about a trace into one of the planes of projection, 
the true angle made by the lines in s])ace will be shown. 

Construction. The plane R is passed through the lines AB 
and CD, as shown in Figs. 37 and 38, by tlie methods of Problem 
5. The planes of projection cut from the plane R a triangle, of 
which the vertical trace, the horizontal trace and the perpendicular 
trace are sides. As the lines AB and CD are drawn in this triangle, 
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it is only necessary to revolve it into H to show the angle which they 
make with each otlier. Let the triangle be revolved about its hori- 
zontal trace as an axis. Then F, in Fig. 37, will travel in the path 
F M K' to F', the vertical trace will be revolved to K F' and the 
perpendicular trace to G F'. The line CD W'ill revolve to C D' and 
AB to A'B. But with the triangle revolved into H, the true value 
of the angle 4" is shown. 

In Fig. 38 the revolution is shown by the methods of Descrip- 
tive Geometry. FvR being a line of the V plane, is projected in its 
true length. With center R and radius RF^ strike the indefinite 
arc Fv M F'. The side of the triangle in P is shown m its true 
length in the P trace of the plane R. However, by making use of 
the P plane as a co-ordinate plane and revolving it into H about 
HP, the true length is shown in FfGi,. With center On, and radius 
Gh Fj„ strike the indefinite arc Fp N F'. The revolved position of 
the triangle is R d, F', the point t> is foimd at D', the length R D' 
being made equal to the length RDv. The point A is foimd at A'. 
The required angle is shown at $. 

42. It readily follows from Problem 6, that all angles and 
lines of the triangle G R F are shown in their full sizes when the 
plane is revolved into H. Therefore, the angle Gh R F', is the 
angle made by the vertical and horizontal traces in space. Simi- 
larly, R F' Gh is the angle between V and P traces, and R GhF' is 
the angle between the P and H traces. 

43. Pkoblem 7. To bisect the angle formed by two right 
lines in space and show the projections of the bisector. 

Let the lines be given as in Fig. 38. To bisect the angle 
A EC. 

Solution. If the plane of the lines forming the angle be re- 
volved into one of the planes of projection, the angle will show 
in its true size and its bisector may be drawn. If the plane be re- 
volved to its original position and the projections of one point of 
the bisector be located, the projections of the vertex of the angle 
being known, the projections of the bisector may be drawn. 

Not only may the bisector of the angle be located, but the 
plane being in one of the planes o£ projection, all hs lines, angles 
and points show in their true relative positions. 

Example J. A plane R passes through the points A 
(6,— 3.— 2), B (2.— 8,— 5), C (8,~4,--8). Find the true shape 



yGoosle 



of the triangle A 11 C. Find the length of bisector of angle at A 
drawn to opposite side. 

44. l'uoi!i.i;ii 8. To find the shortest distance from a point 
to a line. 

In Fig. 39 let A be the point and BC the line. 

Solution. If a plane be passed through the point and the 
line and then be revolved about one of its traces into a plane of 
projection, the true relative positions of the point and the line 
may be shown and the projections of the shortest line from the 
point and the line drawn, 

.y<:" 




Construction. Through the line BC, and the point A, pass 
the plane R (construction not shown). Resolve R aboiit its 
horizonal trace into die H plane. The line BC revolves to C^B'. 
To find th« revolved position of the point A, through A draw any 
convenient line of the plane, as the line AF, and find its revolved 
position FkA'. But the path of A in revolution will be in a 
perpendicular to the axis of revolution, through its horizontal pro- 
jection; therefore at the intersection A'. Draw A'E' perpendicu- 
lar to Ci.E', this being the required distance. In counter revolu- 
tion the projections of AE are found. The problem should also 
be solved on the P plane. 



45. PnOIiU 



To find the line of inter=ection of two 
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In Fig. 40 let R and S be Ihe two piaiies. To find their line 
of intersection. 

SoujTion. If a line of one of the planes intersect a line of 
the other plane, a point common to both planes, and therefore a 
point in their line of intersection, becomes known. But the vertical 
and horizontal traces intersect, thus giving two points in the line 
of intersection. The line drawn throngh these points is the re- 
quired line. 




Construct ION. The vertical traces intersect in the point Av, 
its horizontal projection being in the ground line. The horizontal 
traces of the planes intersect in Bh, its vertical projection being 
in the ground line. The line of intersection is the line AB. 

46. If either the horizontal or vertical traces fail to inter- 
sect within the limits of the drawing, as in Fig. 4J, an auxiliary 




plane may be passed parallel to li or V, intersecting the traces 
of the given planes. Such a plane, if parallel to H, will cut a 
line from each of the given planes, which will be horizontaliy pro- 
jected parallel to the traces of the planes from which they are 
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cut. In the figure the vertical projections of the lines will be 
found in the trace of the plane T, as it is parallel to the horizontal 
plane and therefore perpendicular to the vertical plane. Similarly, 
if an auxiliary plane be passed parallel to V, the vertical pro- 
jections of the lines cut from the planes will be parallel to the ver- 
tical traces of the planes from which they were cut. In Fig. 41, 
the plane T mig'ht have been passed parallel to \' as well as to H. 

47. If both vertical and horizontal traces of the planes fail 
to intersect within the limits of the drawing, two auxiliary planes, 
locating two points common to the two gi-\'en planes, will deter- 
mine their line of intersection. 
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48. If the traces of the given planes intersect the ground line 
at a common point, as in Fig. 42, this point will be in the re- 
quired line of intersection. An auxiliary plane, parallel to H or 
\', intersecting the traces, will determine a second point in the line 
of intersection. In Fig. 42, AB is the line of intersection of the 
planes R and S. The point A being in the ground line, will be 
its own vertical and horizontal projections. 
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49- It the planes be parallel to the ground line HV, but 
oblique to H and V, as in Fig. 43, the line of intersection will be 
parallel to the ground line, and can only be determined by means 
of the third plane of projection P. In the figure, the traces of 
planes R and S are first found in the P plane. The P traces 
intersect in the point Bp. Since the plnnes are perpendicular to P, 
the horizontal and vertical projections of the line of intersection 
will be parallel to the ground line I3V. The line of intersection 



50. Problem 10. To find the point in which a given Hue 
pierces a given plane. 

In Fig. 44 it is required to find the point in wliich the line 
AB pierces the plane R. 



Solution, If a plane be so passed through the given line that 
it will intersect the given plane, the line of intersection of these 
planes contains all points common to the two planes, and there- 
fore the point in which the given line pierces the given plane. 

CoNSTPUCTiON. As One line will not locate a plane, an infinite 
number of planes may be passed through the line AB. But the 
simplest one to use as an auxiliary plane in the solution of this 
problem is the plane perpendicular to H. Pass the plane T 
through AB, perpendicular to H. Tlien the V trace is perpen- 
dicular to the ground line HV, and the horizontal trace coincides 
with the H projection of the line. The line of intersection of the 
two planes is DC. The PI projection of the given line AB, and 
of the line of the intersection DC, fall on the H trace of the plane 
T. But their vertical projections intersect in the point B„. There- 
fore the line AB pierces the plane R at the point B, 
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The vertical projecting plane of the line AB could have been 
used as an auxiliary plane with the same results anrl with the 
same effort. The same may be said of the perpendicular pro- 
jecting plane. 

Example i. Given the points A(3, — 4, — 5), E(4, — 6,— i), 
C(i,~2,— 3), D(6,— I,— I), E(3~5.^). Find the plane of 
ABC and find where the line DE pierces this plane. Revolve the 
plane about one of its traces to show the true size and shape of 
the triangle ABC. 



Fig. 45 




51. If the plane be given by two of its straight hues, the 
order may be reversed and the points in which these lines pierce 
the horizontal projecting plane of the given line be found. In 
Eig. 4.5 let it be required to find the point in which the line AB 
pierces a plane gi-ven by two of its lines CD and EF. Pass 
through AB its horizontal projecting plane R. The line CD 
pierces R in the point C. The line EF pierces R in the point F. 
But C and F are two points in the line of intersection of the 
auxiliary plane R, with the plane of the two given lines. The line 
CE intersects AB in the point G, the required point. 

52. A plane perpendicular to one plane of projection and 
oblique to the others is a convenient auxiliary plane. Usually, this 
is assumed perpendicular to H and oblique to V and P. One of 
the uses of such a plane is to locate a point in an oblique plane, 
when one of its projections is assumed or given. In Fig, 46 
assume the H projection of a point at Ah- Through A|, draw a 
line perpendicular to H, vertically projected in A,B,. The ver- 
tical projection of the point in which this line pierces the plane 
win be the vertical projection of the required point of the plane. 
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This is found, as in Problem lo, hy use of tlie auxiliary plane per- 
pendicular to H. The vertical projection of A is the vertical pro- 
jection of a point in tiie plane. 

It will he seen that the plane T cuts a line from the plane R 
and that the projections of the line contain the projections of the 
point. Therefore we may, through the assumed projection of a 
point of the plane R, draw the projection of a line. The other 
projections of t!ie line will contain the other projections of the 
point. 




Another convenient auxiliary plane is perpendicular to H 
but has its H trace parallel to the H trace o£ the given plane. If 
this be used to find the vertical projection of a point in a plane, 
when the horizontal projection is assumed, pass the plane 
through All, parallel to RRi,. This line cuts the line AB from R 
and the vertical projection of A is at A,. Or, brieily, draw the 
horizontal projection of a line through Ah, parallel to the H trace 
of the plane R. If AB be in the plane R, its vertical projection 
will be parallel to the ground line HV, and the vertical projection 
of A is found at A,. Construction is shown in Fig. 47, 




Fiff.-^r 



53. If a straight line be perpendicular to a plane, its projec- 
tions will be perpendicular, respectively, to the traces of the plane. 
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The horizontal projecting plane of the line, since it contains 
a line perpendicular to the given piane, is perpendicular to that 
plane. But, by construction, it is perpendicular to H. Therefore 
the horizontal projecting plane of the line is perpendicular to the 
horizontal trace of the given plane, heing perpendicular to the 
two planes intersecting in that line. All lines of the horizontal 
projecting plane have their horizontal projections in its horizontal 
trace. Then the horizontal projection of the given line is in this 
trace and is perpendicular to the trace of the given plane. 

It follows, therefore, that to assume a straight line perpen- 
dicular to a plane, it is only necessary to draw its projections per- 
pendicular, respectively, to the traces of the plane. Or, to assume 
any plane which shall be perpendicular to a line, through any 
point in the ground line draw the traces perpendicular, respec- 
tively, to the projections of the line. 

54. Probi,i:m II. From a given point to draw a hne per- 
pendicular to a given plane and to find the distance from the point 
to the plane. 

In Fig. 48 it is rcf|uired to^ find the distance from the point A 
to the plane R. 




Soi.trt'iON. If through the point a perpendicular he drawn to 
tlie plane and the point be found in which it pierces the plane, the 
distance from this point to the given point will be the required 
distance. 
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CoNSTHUCTtoN. Draw through the point A the hne AB, per- 
pendicriiar to the plane R, and piercing it at E, Revolving the 
horizontal projecting plane of AB about its horizontal trace into 
H, the true distance AB is shown in the line A'B'. 

The problem should be solved in other quadrants than the 
third, and also when projected in P. 

55. Phoblkh 12. To project a given right line on a given 
plane and show the true position of the projection with reference 
to any other line of the plane. 

In Fig. 49 let AB be the given line and R the given plane. 
To project AB upon R and find where this projection intersects 
CD which is any line oi the plane R. 




Fi^.49 



SoLUTiOM. If from any two points oi the line, perpendiculars 
be drawn to the plane, they will pierce it in points of the required 
projection. By revolving the plane about one of its traces into 
one of the planes of projection, all the lines of the plane show 
their true relative po.sitions. 

Construction. Perpendiculars from the points A and R 
pierce R, in the points M, N, and the projection of AB on the 
plane R is in the line MN. Assume any line of the plane, as the 
line DE, intersecting the line MN, in the point C. To find the 
true relative position of these lines, R is revolved into H about 
the H trace, or into V or P about their respective traces. The 
line DE, intersecting both traces, is readily found in its revolved 
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position. Ill the figure, MN intersects the vertical trace at K,., 
revolved to K', To find another point of MN, an auxiliary line 
is drawn through any point as Ni„ parallel to V, therefore parallel 
to the vertical trace of R, and its revolved position will be parallel 
to the revolved position of the vertical trace. The point L, remains 
fixed, being in the axis, and Nh revolves to N'. The line DE, and 
the line MN, show in their true relative position at EnD' and K'N'. 

56, Example i. The points A(o,o, — 2), E(2,o, — 4) and 
C(o, — 2, — 7) determine a plane R. Project the line, E(3, — 2, — 3), 
E(2, — -2,-— 6) upon the plane R and find the angle made by the 
projection with the line AB. 

57, Example 2. Four points are located in space; A(3, — -2, 
4), B(2,— 2,1), C(2,— 5,— 7) and 0(4,5,-3). Find ^^^ pl^ne 
of ABC and find how far D is from their plane. 

58, Example 3. The points A(2,o,— 4), B{o,d, — 2), and 
C(o,- — 2. 7) locate a plane. Find where a line passing through the 
points D(2, — 11/2,0) and E(2, i 1/2, — 4) pierces this plane. 
Project the line on the plane and find the angle which the pro- 
jection makes with the horizontal trace of the plane. 

59- Problem 13. To find the angle which a given line 
makes with an oblique plane. 

In Eig. 50 it is required to find the angle which the line AB 
makes with the plane R. 

a: 




Solution. Produce the line to meet the plane. Then the line 
L space, its projection on the given plane and a perpendicular 
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upon the plane from any point of the line, form a right triangle, 
in which the angle made by the Hne with its projection on the plane 
is the required angle. If the plane of the triangle be revolved to a 
position pa:ral]el to either plane of projection, the true value of 
this angle will be shown. But since the triangle contains a right 
angle, the angle made by the given line with the perpendicular is 
the complement of the angle made by the given line with its pro- 
jection. Therefore, if a plane be passed through the given line 
and a perpendicular from any point of that line to the given plane, 
and this be revolved about either trace into a plane of projection, 
the angle which the lines make will be the complement of the 
required angle. 

Construction. Find the horizontal trace of the plane passed 
through AB and AF, {AF being perpendicular to the plane R). 
Revolve this plane about its horizontal trace into H. Any line 
perpendicular to A'F will be parallel to the projection of AB on 
R and will make with AB the required angle, shown at B in the 
figure. 

60. Problem 14. Through a given point to pass a plane 
perpendicular to a given right line. 

In Fig. 51 it is required to pass a plane through the point A, 
perpendicular to the? line BC. 




SoLuTicx. Since the plane is to be perpendicular to the line 
its traces will he perpendicular, respectively, to the projections of 
the line. Therefore, if through the given point a line be drawn 
whose horizontal projection is perpendicular to the horizontal 
projection of the given line, it will he a line of the required plane, 
parallel to its horizontal trace. Since the direction of the trace 
is known, one point is sufficient to draw it. 
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CoxsTKUCTiON. A line through A perpendicular to the hori- 
?oiital projection of EC, being parallel to the horizontal trace of 
the reqiiired plane, is parallel to H, and its vertical projection is 
paraJlel to the ground line. Through the vertical trace of the line 
draw the vertical trace of the plane perpendicular to the vertical 
projection of the given line. A similar construction will deter- 
mine the horizontal trace; or, at the intersection of the vertical 
trace with the ground line, draw the horizontal trace, perpendicu- 
lar to the horizontal projection of the given line. 

6i. Problem 15. To pass a plane through a given right line 

another right line. 
In Fig. 52 it is required to pass a plane through AB which 
be parallel to the line CD. 




Solution. Through any point of the given line draw a line 
parallel to the second line. A plane through these intersecting 
lines will be the required plane. 

Construction. Through any point of AB as "E, draw the 
line EF, parallel to CD. 

62. If it be required to pass a plane through a point, parallel 
to two given right lines, it is only necessary to draw through the 
point two auxiliary lines, parallel, respectively, to the given lines, 
and through these intersecting lines pass a plane. 

63. Let it be required to pass a plane through a given point 
parallel to a given plane. Since the planes are parallel their 
traces are parallel, and one point in each trace will be sufficient 
to determine the plane. Therefore, draw anj' convenient line of 
the given plane and through the given point draw a parallel line, 
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which will be a line of the required plane. Through the traces of 
this hne draw the traces of the plane. 

64. Peoulem 16. To pass a plane through a given line per- 
pendicular to a given plane. 

Solution. If one line of a plane be perpendicular to a second 
plane, the planes are perpendicular. Therefore, through any point 
of the given line draw a line perpendicular to the given plane. A 
plane passed through these two lines will be the required plane. 

65. Problem 17. To find the angle between two given 
planes. 

In Fig. 53 it is required to hnd the angle which the plane R. 
makes vvith the piane S. 




Solution. If a line be drawn in each plane from the same 
point in their line of intersection and perpendicular to it, the angle 
which these lines make with each other is the measure of the plane 
or dihedral angle. Therefore if a plane be passed perpendicular 
to the line of intersection of the two planes (therefore, perpen- 
dicular to both planes) it will cut from each a line, which make 
with each other the angle which the planes make in space. 

Construction. The planes R and S intersect in the line AB. 
The plane T is perpendicular to the two planes, being perpendicu- 
. lar to their common line AB. Pind the lines of intersection of 
the plane R with T and of S with T. These lines of intersection 
make with each other the required angle, which may be found by 
revolving the plane T containing the angle, into one of the planes 
of projection. All the construction is omitted In Fig. 53, as the 
mass of lines would make it difficult to understand the statement 
of the problem. The student should find no difficulty in con- 
structing the figure. 
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66. Second Method. ProelivM 17. Fi^. 54. 

Solution, If from any point in space a perpendicular be 
dropped to each of tlie given planes and a plane be passed through 
these perpendiculars, it will cut from each of the planes a line. 
The perpendiculars are at right angles, respectively, with the lines 
cut from the planes, making witli each other the supplement of 
the required angle. I'herefore, if from any point in space perpen- 
diculars be dropped to the planes, the angle between the perpen- 
diculars will be the supplement of the required angle. 




CoKSTRUCTTON. From the point A, the line AB is drawn per- 
pendicular to S and AC is perpendicular to R. Pass through these 
perpendiculars the plane T, (only Its H trace is needed) and re- 
volve it into H. The point A falls at A'. The angle B is the 
supplement of the angle which the planes make in space. 

67. Problem 18. To find the angle which any plane makes 
with any plane of projection. 

In Fig;. 55 it is required to find the angle which the plane R 
makes with the plane H, V, or P. 

Solution, Since the measure of a plane or dihedral angle is 
the angle made by a line in each plane, drawn from a point in 
their line of intersection and perpendicular to it, we have only to 
pass a plane which is perpendicular to the given plane and one 
of the planes of projection. This perpendicular plane will cut 
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from each a line. These make with each otiier the required angle. 
By revolving into one of the planes of projection, the true value 
of the angle is shown. 

Construction. Pass an auxiliary plane perpendiciilar to the 
horizontal trace of the plane R, through AtBn. This makes the 
auxiliary plane perpendicular to both H and R, being perpen- 
dicular to their common line. Revolved about its H trace into 
H, B falls at B'. The line AB, a line of R, falls at A^B'. B is 
the angle. 

Problem 18 is only a special case of Problem 17, when one of 
the given planes is a plane of projection. The line AB is cut from 
R and the horizontal projection of AB, Ai,Bh is cut from H. The 
angle B between these lines is the required angle. 




Problem ig. One trace of a plane (as the horizontal) 
being given and the angle which the plane makes with the cor- 
responding plane of projection, to find the other trace. 

In Fig. 55 the trace RR,i, and the angle B, being given to 
find the trace RR„. 



69. ExAMELE. The H trace of a plane passes through the 
points A(o,o,o) and B(3,— 4,0), the plane makes an angle of 
60° with H, find the trace in V. Also find the trace in P, the 
angle which the plane makes with V and witli P. Also find tlie 
angle which the V and H traces with eacli other in space. 

70. Peoblem 20. To find the shortest line whicli can be 
drawn terminating in two right lines not in the same plane. 

In Pig. 56 it is required to locate the shortest line whicli can 
be drawn from AB to CD, and to find its true length. 

Solution, If through one of the lines a plane be passed par- 
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allcl to the other, and tlie second line he projected upon this plane, 
the projection will intersect the first line. If irom this point of 
intersection a perpendicular be erected to the plane, it will inter- 
sect the second line and will therefore be the shortest line, for it 
will be in the projecting plane of the second line, upon the plane 
of the first. 

Construction. Pass the plane R through the line AB, par- 
allel to CD. Project the line CD upon this plane in the line MN. 
Since the plane R is by construction parallel to the line CD, its 
projection on R will be parallel to itself. The perpendicular to 
R, drawn from the intersection of AB with MN, intersects CD 
in the point C. Then CM is the required distance. Revolved into 
H its true length is shown in C'JI'. 




71. Proclem 21. To draw the projei 
definite size, occupying a fixed position in space, 
resting on an obUque plane. 

No new principles are involved in the solution of this prob- 
lem. In Fig, 57 let the plane R he given by the angle which the 
horizontal trace makes with the ground line HV, and by the angle 
which it makes with H. Assume the point G, of the base 4" 
below H and 5" behind V. Assume the edge KG, making' an 
angle of 30° with the H trace of R. 

After locating G in the plane, revolvo it into 11 about the 
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trace RRn, and draw the base in its true size and position, as 
shown in the figure with brol^en Hnes G'F'E'K'. Then by counter 
revokition the base is found as projected. 

As the sohd is shown, its edges will be perpendicular to the 
plane of its base, therefore their projections are perpendicular to 
the traces of the plane of the base. To locate a point in the lower 
base, as the point D, pass a plane through the edge DK, perpen- 
dicular to H and the trace RRn, therefore perpendicular to R. 
This auxiliary plane cuts the line ML, from R, revolved into H 
at M'Li,. The point K of the base revolves to K'. But Mt, is per- 
pendicular to the edge KD, being in a plane perpendicular to KD. 
Then from K' lay off K'D' equal to the height of the solid, and 
coimter revolve D' back to Di,. As the upper and lower bases are 



parallel, the projections of the i 
the lower base. 



- base are drawn parallel 




Ex. I, Given the points A(2.5, — 2,0,00.5), ^(4,0, — i.o, 
-1.5), C(7A-i.5-o.25). D{8.o,-o.25,-i.o), E(3-0,-i.7S. 
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— 2.0), F(4.o,— 0.25, — 1.0), 0(6.5,1.5,0,25) and K(7.5,— 2.5, 
i.o). Kind the true length of each of the hnes AB, CD, EF, GK, 
Find the point where each line pierces the planes of projection, 
and the angles which each makes with the planes of projection. 

Ex. 2. Given the points A(2.o, — 2.0, — 3.0), B(4.o, — ^i.o, — ■ 
3.0) and C(6.o, — 2.5, — 3.5). Find the traces of the plane pass- 
ing through these points. vSliow the true length of each line and 
the angles which they make with each other. Bisect the angle 
CAB, and show the projections of the bisector. Find the angles 
which AB makes with H, V and P. 

Ex. 3. The traces of three planes are given as follows. The 
plane R passes through the points {4.0,4,0,0.0), (1.0,0.0,0.0) 
and (7.0,0,0,2.75). The traces of the plane S pass through the 
points (4.0,4.0,0,0), (6.0,0.0,0.0) and (9.0,0.0,4.0), the traces 
of the plane T pass through tlie points (3.0,2.5,0.0). (9.5, 0.0, 
0.0) and (lo.o, 0.0, 1.5). It is required to find the projections of 
tlie tetrahedron included between these planes and the plane H. 

Ex. 4. It is required to find the projections of a right prism, 
the vertices of the lower base being at the points A(6.o, — i.25, — 
3.0), B(7.5,— 2.25,— .4.25), C(8.o.— 1.0,— 4.0) and D(x,— 0.25, 
— 30). The plane of the upper base passes through E(io.o, — 
1.0, — 1.5). Find also the projections of the line F(6.o, — i.o,- — 
1.5), G(io.o, — 2.5, — 2.5) upon the plane of tlie upper base and 
find where the line pierces the faces of the prism. 

Note: While any three points assumed at will in space are 
sufficient to determine a plane, it does not follow that a fourth 
point assumed in the same manner will lie in this plane. In 
order, therefore, to pass a plane through four points, any three 
may be assumed and their plane found. By the methods of Prob- 
lem 4, the projections of the fourth point are then found in the 
plane. 

Ex. 5. Pass a plane through A(S.o, — 1.0, — 1.5) parallel to 
the Hnes B(5.25, — 1.25, — 1.75). C(2,o, 0.0, — 2,5) and D(o.o, 2.75, 
—4.0), £(3-5, 1.75.0-0)- Through F(8.o,— 2.5,— 3.5) pass a 
plane perpendicular to DF^. Find the intersection GK, of the two 
planes, and draw a perpendicular from A to GK. Construct the 
projections of a cube, the perpendicular from A upon GK being 
one edge, and GK reckoned away from the ground line another. 

Ex. 6. The vertical trace of a plane is (6.5,0.0,00), (4.0, 
0.0, 1-75) 3nd the horizontal trnce passes through the point (4.0, 
— 2.75,0.0). A quadrangular pyramid stands on the plane, the 
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co-ordinates of the vertices of its base bein^ A (2,0, — 2,±x), 
B(2.5,— 0.75, ±x), 0(4.5,-0.5, ±x}, and D (3.0,— 2.5, ±x). The 
vertex of the pyramid is at £(6.5, — 3.0, — 4.5). Show the projec- 
tions of the pyramid. 

Ex, 7, One edge of an octagonal prism passes through 
the points (0.0, — 2.5, — 3.75), (ii-5, — 4-25, — 0.5), and one of the 
edges passes through each of the points A(8.o, — 1.25, — 1-75), ■ 
B(8.o,-i.5,-2.25), C (8.0,-1. 75,-1.0), 0(8.0,-2.25,-2.75), 
E(8.o,~2.75,~o75), ECS-o,- 3.25,— 3.0), 0(8.0,-4.0,-2.5). 
It is required to find the projections of the portion of the prism 
included between the two planes whose traces pass through the 
points (0.5,0.0,0,0), (4.5, — 4.0,0.0), (4.0,0.0, — 4.0) and (8.75, 
0.0,0.0), {11.5,0.0,-1.75), (8.25,-4.5,0.0). 

Ex, 8. A plane R passes through the points A(2, o, o), 
B(6,o,3), C(5,2, i). A regular pyramid with a square base 
rests on the R plane with one edge paral'el to the H trace and 
at a distance of one inch from it. The base is 3 inches square, 
and the height of the pyramid is 3 inches. Draw its projections. 

Ex, 9, With the plane of the base assumed as in Ex, 8 
draw the projections of a pyramid with a regular hexagon for 
its base. The center of the base is one inch above H and two 
inches in front of V. The diameter of the circumscribed circle 
of the hexagon is 3 inches, the height of the pyramid 4 inches. 
Draw its projections. 
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CHAPTER III. 

Single Curved Surl'acbs. 

ClassificaHon and Construction of Lines. 

72. Let any point in space be moved in any direction an 
infinitesimal distance. Then the path of the point is an elementary 
line. If the point be continued in the same direction the line is 
a straight line or right line. 

If the third position of the point be on any side of the con- 
tinuation of the path of the point from the first to the second 
position, the line is a curved line. 

If the point be again moved in a new direction, but such that 
a plane may be passed through the four consecutive positions of 
the moving point, the path is a curve of single curvature. Then 
any line lying in a plane, other tiian a straight or right line, is a 
curve of single curvature. 

If a plane through the first three, or any three consecutive 
positions of the moving point, fail to contain the next consecutive 
point, the path is a curve of double curvature. 

"3- If the plane of a curve of single curvature be parallel to 
either plane of projection, its projection on that piane shows the 
true form of the curve, and its projections on the other co-ordinate 
planes are right lines. 

If the plane of a curve of single curvature be oblique to two 
planes of projection but perpendicular to the third, its projections 
on the first and second planes will be curved lines, but not of the 
true form of tlie curve; while its projection on the third plane is 
a right line. 

If the plane of the curve be oblique to all planes of projec- 
tion, its projections will all be distorted curves. 

74. Since not more than three consecutive point:- of a curve 
of double curvature are in the same plane, no plane of projection 
can be made parallel to more than three consecutive points of the 
curve. The projection of such a curve on any plane must there- 
fore be a curve of single curvature, and does not show the true 
form of the curve and can not be a right line. 
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75. As in right lines, a curve is completely determined when 
its projections on the three co-ordinate planes are known. Like- 
wise the traces of a curve are found in the same manner as the 
traces of a right line, as illustrated in TTig-. 58. 

Flg.58 



Fiff.S9 




rig. 60 

^ _ 

■j6. Consider a curve niadt^ up of infinitesimal rig-ht lines, 
as the lines Ai, 12, 23, etc., of Fig. 59, the points A, i, 2, 3, etc., 
being consecutive points. The line AiE containing the element 
of the curve Ai, coincides with it through two points and is 
therefore a tangent to the curve. As A and i are consecutive 
points and therefore at an infinitesimal distance apart, it is con- 
venient to treat the two points as a single point. We would, 
therefore, speak of AB as tangent at the point A. 

Two curves are tangent to each other when they have two 
consecutive points in common, or when they have a common tan- 
gent. 

Jf a right line be tangent to a curve of single curvature, it 
will lie in the same plane as tlie curve; for the line has at least 
two of its points in the plane of the ciirve, being a tangent. 

If a line be tangent to a curve, their projections on the same 
plane will be tangent. 

77. Any right iine perpendicular to a tangent at the point of 
tangency is a normal to the curve. Then an infinite number of 
normals may be drawn, forming a normal plane. If the curve be 
of single curvature, the normal is understood to lie in the plane 
of the curve. 
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78. If a curve be rolled upon its tangent, the length of any 
definite portion is shown as a right line, and the citrve is said to 
be rectified, as shown in Fig, 60. 

79. The tangent to any curve passes through two consecu- 
tive points, and therefore has the same direction in space as that 
portion of the curve represented by the elementary line joining 
the consecutive points. The angle which a curve makes with any 
line is the same as that made by the line with the tangent to the 
curve. Thus, in Fig. 59, the angle which the curve at A makes 
with AC is the angle BAC, made by the tangent at A with the 
line. 

Genekat[On and Classification of Surfaces, 



So. A surface may be generated by the continued motion of 
a line along another line. The moving line is the generatrix, the 
fixed line being the directrix. Different positions of the genera- 
trix are elements of the surface v/hen the generatrix is a right 
line. When the generatrix has moved from one point of the 
directrix to the next consecutive point, the elements are consecu- 
tive. 

If a right line be moved along another right line, with all 
positions of the generatrix parallel to its first position, the surface 
generated is a plane. 

If a right line be moved along any line, not a right line, so 
that its consecutive positions arc m the same plane, the surface is 
a single curved surface. 

If a right line be moved so that v.o two consecutive positions 
lie in the same plane, the surface generated is a warped surface. 

It should be noted that planes, single curved surfaces and 
warped surfaces are generated by the continued motion of a right 
line, and therefore have right line elements. 

Surfaces which have no right line elements are generated by 
the continued motion of a curve in some path other than a right 
line, and are double curved surfaces. 

Single Curved Surfaces. 

81. Single curved surfaces are of three kinds: 
First— Tho^e in which all positions of the generatrix are 
parallel. 
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Second — Those in which all positions of the generatrix meet 
in a point. 

Third-— Those in which the consecutive elements intersect but 
at consecutive points of the directrix, so that not more than two 
consecutive elements meet in a point, 

82. A cylinder may be generated by moving a right line 
always parallel with itself, but always touching a curve. Or, the 
curve may be moved parallel with itself, touching a right line. 

It is convenient to consider the intersection of the cylinder 
with the horizontal plane as its base, though the cylinder may have 
its base in any plane of projection or in any oblique plane. 

If the curve of the base has a center, a right line through this 
point, parallel to the elements, is the axis of the cylinder. 

Cylinders may be classified by their bases, as a cylinder with 
a circular base, a cylinder with an elliptical base, etc. 

If the elements be perpendicular to the plane of the base, the 
cylinder is a right cylinder. 

If right lines perpendicular to H, be drawn from consecutive 
points of any curved line, they form a cylinder which is known 
as the horizontal projecting cyhnder of the line. Similarly, lines 
perpendicular to V form the vertical projecting cylinder, and per- 
pendicular to P, the perpendicular projecting cylinder. These are 
convenient auxiliary surfaces in the solution of problems involving 
curved and warped surfaces. 

83. Problem 22. To draw the projections of a cylinder with 
a circular base and assume a point on its surface. 

In Fig. 5i it is required to draw the projections of the cylinder 
whose base is DGCE and to assume a point. A, on the surface. 

Solution. To assume the projections of a cylinder, draw the 
curve of intersection with either plane of projection and draw tlie 
projections of the contour elements. 

To assume a point on the surface, assume at will one of its 
projections and through this point draw the projections of an 
element. 

Construction. In Fig. 61 the base of the cylinder is the circle 
ChD^EhGi,, vertically projected in the ground line at DvCy. The 
elements of contour, or the principal elements, are horizontally 
projected tangent to the base in a direction assumed for the axis. 
These pass through the points Gh and Eh. Their vertical pro- 
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jecuoiis are not contour lines. For the vertical projection of the 
cylinder, the contour elements pass through the points Cv, Dy hori- 
zontally projected at Dh, Ch. 




To assume a point A, on the surface, assume at will its hori- 
cental projection, as A^, and draw through this point the horizon- 
tal projection of an element intersecting the base at Bh and Fh- 
Then two points of the cylinder may be horizontally projected at 
Ah, for two elements are projected in KhAtBnFi,, one being the 
line KjiBh, intersecting H at B^, on the upper side of the cylinder. 
The otlier is on the under side of the cylinder, intersecting H at 
Fn. The vertical projection of FA is FyA,-, and if on the under 
side, A will be vertically projected at Av. If on the upper side, 
its vertical projection is A\. 

Any element of a cylinder may be assumed by drawing the 
projections of a line parallel to the contour elements, intersecting 
the projections of the base. 

84. Proelem 23. To pass a plane tangent to a cylinder 
through a given point on tlie surface. 

In Fig. 62 it is required to pass a plane through the point A 
of the surface, tsingent to the cylinder. 

Solution. If the plane be tangent to the cyhnder at a point, 
it will be tangent all along the element through the point. The 
element will be a line of the tangent plane and will pierce the 
planes of projection in the traces of the tangent plane. If the 
cylinder and tangent plane be intersected by any plane, the line 
of intersection of the two planes will be tangent to the curve cut 
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froin the cylinder ; and if the ciitti;ig plane be one of the planes of 
projection, the line will be the trace of the tangent plane in that 
plane. 




Construction. If an element be drawn through the given 
point it will be a line of the required tangent plane. A tangent to 
the base, at the point where this element pierces H is the horizon- 
tal trace. The vertical trace may be drawn through the vertical 
trace of the element of tangency. Or, through any known point 
of the plane, not in H, a line may be drawn parallel to the hori- 
zontal trace. The horizontal projection will be parallel to the 
horizontal trace and its vertical projection will be parallel to the 
ground line. 

85. pKOBi.eH 24. To pass a plane through a given point, 
without a cylinder, tangent to the cyhnder. 

In Fig. 63 it is required to pass a plane through A, tangent 
to the cylinder whose base is BDG. 

Solution. Since a plane which is tangent to a cyhnder is 
tangent all along an element, the problem is simply to pass a 
plane through this tangent element and the given point. 

Construction. If a line be drawn through the given point, 
parallel to the elements of the cylinder, it will pierce H in a point 
of the required horizontal trace. A line through this point, tan- 
gent to the base, is the horizontal trace. The vertical trace will 
be found by producing the line through the given point to pierce 
the vertical plane, locating a point in the vertical trace, or by the 
method shown in Fig, 62, drawing an auxiliary line of the re- 
quired plane through a point in the i<nown line, parallel to the 
horizontal trace. 
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Two planes may always be passed throug:h a point without 
a cylinder, tangent to the cylinder. In Fig. 63, the planes R and 
S pass through the point A and are tangent to the cylinder. 




Mg. 64 



S6. Problem 25, To pass a plane tangent to a cylinder, 
parallel to a given right line. 

In Fig. 64 it is required to pass a plane through the line AB, 
langent to the cylinder whose base is EFG. 

Solution. If through any point of the given line a line be 
sTawn, parallel to the elements of the cylinder, they will fomi a 
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plane wliicli will be parallel to the required plane. The horizontal 
trace of the required plane may, therefore, be drawn tangent to 
the base of the cylinder, parallel to the horizontal trace of this 
auxiliary plane. The planes being parallel, their vertical traces 
will be parallel. 

Construction. Through any point C, of the line AB, draw 
CD parallel to the elements of the cylinder. These lines have 
TTh as the horizontal trace of their plane. The horizontal trace of 
the tangent plane is RRn, tangent at E|, and parallel to TT^. A 
second plane may be passed tangent to the cylinder. 
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87. In these problems, if the axis of the cylinder be parallel 
to the ground line HV, the solution is only possible by means of 
the third plane of projection. For example, let it be required to 
draw the projections of an element of a cylinder whose axis is 
parallel to the ground line HV, as in Fig. 65. 

The perpendicular projection of the cylinder is a circle, 
shown at ApBp. Assume at will the horizontal projection of an 
element, as BuKi,. But two elements of the cylinder may be hori- 
zontally projected in EhKn, as shown by their perpendicular pro- 
jections in Bp, Ap. The vertical projections of these elements are 
shown at A„l\fv, B^-K., 

88. Let it be required to pass a plane tangent to a cylinder 
through a given point on the surface, when the axis of the cylin- 
der is parallel to the ground line HV. 

Returning to Fig. 65, let A be the given point. Th« element 
AM will be the element of tangency. This element pierces the P 
plane at Ap, a point in the perpendicular trace. Tangent to the 
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circle {the base of the cylinder in P) at Ap draw the perpendicular 
trace. Complete the construction by drawing the traces of the 
tangent plane in H and V. 

Ex. I. Through a g;iven point without the cylinder pass a 
plane tangent to the cylinder, when its axis is parallel to the 
ground line HV. 

Ex. 2. Pass a plane tangent to a cylinder, parallel to a given 
right line, when the axis of the cylinder is parallel to the ground 

Conks. 

8q. a cone is a single curved surface generated by a right 
line, always touching a curve, and always passing throvigh a fixed 
point not in the plane of the curve. 

If the point be in the plane of the curve, one limit of the cone 
has been reached, and the surface generated is a plane. 

If the point be at an infinite distance from the curve and not 
in its plane, another limit of the cone has been reached and the 
surface is a cyhnder. 

The generatrix being a right line of indefinite length, inter- 
secting for all its positions in a fixed point, the vertex of the cone ; 
whatever surface is generated on one side of the vertex will have 
a duplicate on the opposite side. These portions of the complete 
surface thus generated are called itappes. 

Any intersecting plane not passing through the vertex will 
cut a curve from the cone, which may be used as a directrix for 
generating the surface. 

The intersection of the horizontal plane with the elements of 
the cone is considered its base, though its base may be in any plane 
of projection or in any oblique plane. 

As in the case of cylinders, cones are designated by their 
bases; as a cone with a circular base, a cone with an elliptical 
base, etc. 

90. I<et any plane of symmetry be passed through the ver- 
tex, intersecting the cone. Then if the elements diametrically 
opposite with respect to such a plane, make the same or equal 
angles with the plane, the cone is a right cone. 

If the elements all make the same angle with the axis the 
cone is a right cone with a circular base, and may be generated 
by the revolution of the hypothenuse of a right triangle about 
either side as an axis. 
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9i. Proble;m 26. To draw the projections of a cone with a 
circular base and assume a point on its surface. 

In P'ig. 66 it is required to assume a point A on the cone 
whose base is the circle CBD and whose vertex is the point K. All 
elements of a cone pass throiigh the vertex. Then to assume the 




horizontal projection of the cone, tangents are drawn from K to 
the horizontal projection of the base, these, as in cylinders, being 
the contour elements when the eye of the observer is above H. 
The contour elements for the vertical projection pierce H at El, 
Fh and the vertical projection is shown at KvF„Ev- 

To assume a point, as the point A, on the surface, assume 
at will one projection, as the horizontal at Ah- Draw the horizon- 
tal projection of an element KhAh- This cuts the projection of 
the base in B|, and Dj,, showing that two elements of the surface 
may contain the point A, one on tlie upper side piercing H at Br, 
and the other on the lower side, piercing H at Bh- The vertical 
projections of these points are at A,-, G,- 

92. Problem 27. To pass a plane tangent to a cone through 
a given point on the surface. 

In Fig. 67 it is required to pass a plane tangent to the cone 
through the point A. 

Scijj'TioN. If through the given point an element of the cone 
be drawn, it will be a line of the tangent plane, and will pierce H 
in a point of the horizontal trace. This trace will be tangent to 
the bas>= at the point where the element of tangency pierces the 
plane of the base. 

The vertex of the cone being in every element of the cone 
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will be a point of every plane, tangent to the cone. Then to find 
the vertical trace it is convenient to draw a line through the ver- 
tex, parallel to the horizontal trace of the tangent plane and its 
vertical trace will be a point in the V trace of the plane. Or, the 
element of tangency may be produced to pierce the V plane, giving 
a point in the reqviired V trace. 
/ 




93. Problem 2S. To pass a plane tangent to a cone through 
a given point without the surface. 

In Fig. 68 it is required to pass a plane through the point A, 
tanijent to the cone. 




Solution. Since the given point and the vertex are known to 
lie in the tangent plane, a line joining them will be a Ime of the 
tangent plane and will pierce H and V in points of the traces. 
The horizontal trace will be drawn tangent to the base and 
through the horizontal trace of the line. 
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CoNSTKULTiON. The Imc KA picFces H at B,, and V at C,.. 
Through Bn draw the horizontal trace tangent to the base of the 
cone. The vertical trace is drawn through Cv- 

I'^rom Bh a second tangent ma\' be drawn to the 1jaso of the 
cone, showing that a second tangent plane may be passed through 
the given point. 




a cone, parallel 
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94. Pkoblkji 29. To pass a plane tangei 
to a given right line. 

In Fig. 69 it is required to pass a plane tangent to the cone, 
parallel to the line AB. 

Solution. Since the vertex is a point in the required tangent 
plane, a right line through the vertex, parallel to the given line, 
will be a line of the required plane, from the point in which it 
pierces H the horizontal trace may be drawn tangent to the base. 

Construction. A line through K, parallel to AB, pierces H 
at Ch- Through Ch draw the horizontal trace tangent to the base. 

Two lines may be drawn through Ch tangent to the base; 
therefore two planes may satisfy the conditions of the problem. 

If the line through the vertex, parallel to the given line, 
pierce the horizontal plane within the limits of the base, no tan- 
gent to the base can be drawn and the problem is impossible. 

Ex,A.MPLES. 

Ex, I. Draw the projections of a cone and assume an ele- 
ment of the surface, when the axis of the cone is parallel to the 
ground line HA", 

Ex. 2. Pass a plane tangent to a right cone through a given 
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point without the surface, when the axis of the cone is parallel 
to the ground line HV. 

Ex. 3. The hase of an obHque cone is in the P plane. Pass 
a plane tangent to the cone through a given point without the 
surface. 

Ejt. 4. Pass a plane tangent to a cone, parallel to a given 
right line, when the axis of the cone is parallel to the ground line 




The construction of Hx. 4 is given in Fig. 70, in which AD 
is the given line and the axis KO of the cone is parallel to the 
ground line HV. The line CD drawn through K pierces V at 
Dv, a point in the vertical trace of the required plane. It pierces 
II at Ch. But as the base is in the P plane, it is necessaiy to draw 
the P projections, botii of the cone and auxiliary line, through its 
vertex. Kp is one point in the P projection of CD. The point D 
being in V, is perpendicularly projected in the ground line VP. 
Then K„Dp is the projection of CD on P, piercing P at Ep, a point 
in the P trace of the required tangent plane. Draw EpFc tangent 
to the hase of the cone, this being the P trace of the plane R. The 
point of intersection of EpFj, with the VP ground line is a point 
common to the V and P traces, and is therefore a second point in 
the required V trace of the tangent plane R. 

CONVOI-UTR SuRrACIJS. 

fK. Single curved surfaces of the third class arc known as 
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convolute surfaces and may be generated by moving a right line 
so tbat it shall always be tangent to a curve of double curvature. 
In generating such a surface any two, btit not three consecu- 
tive elements will lie in the same plane ; for they are the exten- 
sions of the elementary lines of the directrix, of which any two 
but not three consecutive elements intersect and therefore He in 
a plane. 

96. PRonr.F.M 30, To draw the projections of a convokite 
surface and assume a point on the surface. 

I,et the directrix be the helix, as shown in Fig. 71 at 
ABCDEF. To draw the base of the surface and to : 

poni[, as the point M. 




Solution. Since the stirface is made up of tangents to the 
helix, to find the base of such a surface it is only necessary to 
find the intersections of the tangents with H. 

Let the H plane pass through A, a point of the hehx. Then 
A is in the base of the surface and is the beginning of the curve 
of the base. Consider the helix drawn on a cylinder by moving a 
point at a imifonn rate along the axis, while it moves at a uni- 
form rate and at a constant distance (the radius of the cylinder) 
about the axis. Let the projections of the helix be shown in 
ABCDEF, Fig. 71, starting at A in the H plane. Pass any hori- 
zontal projecting plane tangent to the cylinder and therefore tan- 
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gent to the helix at D, as the plane SS. Develop the cylinder on 
this plane. To show this development, revolve the tangent plane 
about its H trace. The horizontal projection of the helix from 
A to D will be rectified in Di,Gh, being made equal Jti length to 
the arc AhEhQDh. The point D of the helix is at a distance below 
H equal to the distance of D„ from the ground line — ^shown in the 
revolved positions in Di,D'. The line D'Gn is the rectified curve of 
the helix from A to D. The angle D'Ot,D,i is the angle made by 
the helix with H and is therefore equal to the angle made by all 
tangents to the helix with H. D'Gb may be considered a tangent 
to the helix at D, piercing H at the point G at a distance from 
Dh eqiial to the arc AhBuCuDii. Then to find any point in the 
curve of the base, draw any tangent to the horizontal projection 
of the helix. Lay off along the tangent a distance equal to the 
rectified arc from the assumed point of taiigency to the origin of 
the cun'e. The curve of the base is recognized as the involute of 
a circle. The vertical projections of the elements of the surface 
may be found in the usual manner, by noting that the point of 
tangency to the helix and the point in which an element pierces 
H are known. The vertical projections are omitted from Fig. 71 
in order to simplify the drawing. To assume any point in the 
surface, as the point M, its horizontal projection is assumed at 
will and the projections of an element drawn. 

It should be noted that while the surface extends indefinitely 
in all directions, it has no points inside the horizontal projection 
of the helix. As the elements are indefinite in extent, they may 
be produced both ways from the points of tangency, making the 
surface above any assumed point on the helix similar to that 
Below. 

In Fig. 71 the element through M is taken with its horizontal 
projection parallel to the i^round line. Then its vertical projection 
shows the triie angle which the elements make with H. 

97. Problem 31. To pass a plane tangent to a convolute 
surface, through a given point on the surface. 

Let the surface be tlie single curved surface with the helical 
directrix, as given in Fig. 71, and let K be the given point. 

Solution. The required plane will be tangent to the surface 
along the element through the given point, and its horizontal trace 
will be tangent to the base at the point where this element pierces 
H. 
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CoKSTRucTiON. The element through K pierces H at G. 
The normal to the curve of the base at G is tlie horizontal pro- 
jection of the element GD, for G is at the instant revolving about 
D, the point of tangency on the helix. The vertical projection of 
the element GD, and all the construction for finding the vertical 
trace of the plane are omitted from the figure to avoid a complex 
drawing. 

g8. Problem 32. To pass a plane tangent to the convoiute 
surface through a given point without the surface. 

In Fig. 72 it is required to pass a plane through the point M, 
tangent to the convolute surface whose directrix is the helix 
ARGK. 




Solution, if a new horizontal plane be passed through the 
given point and the base of the surface be found upon this 
auxiliary plane, a line from the given point, tangent to this new 
base, will be a line of the required tangent plane. This line is 
the trace of the required plane on the auxiliary horizontal plane. 
The element of tangency pierces the auxiliary plane at the 
point of tangency. The element dius drawn and the line through 
the given point determine the tangent plane. 

CoNSTRUCTZON. The horizontal plane T is passed through 
M. This plane is pierced by the helix in the point B. Then En 
is the origin of the curve of intersection of the convolute surface 
with the plane T. the curve being found in the same manner as 
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the curve of the base, AnCi,, etc. Draw MhEi, tangent to the 
curve BhEh- Then ME is a line of the required plane. From 
Eh draw EiiG], tangent to the helix. This will be the element 
of tangency, and therefore a second line of the plane R, 

As the plane T is parallel to H, the line ME in T and also 
in the required plane R will be parallel to the required horizontal 
trace of R. 



99. Problem 33. To pass a plane tangent to a convolute 
surface and parallel to a given right line. 

In Fig. 73 it is required to pass a plane tangent to the con- 
■\'olnte surface whose base is Anl^h^Ii. and parallel to the line GK. 




i-ig.n 



Soj.uTiON, If a right cone be constriicted with its vertex 
at any point of the given line, whose elements make the same 
angle with H that is made by the elements of the convolute sur- 
face, and a plane be passed through the given line, tangent to the 
cone, it will be parallel to the required tangent plane. 

Construction. Draw the element OL, of the convolute stir- 
face, parallel to V, therefore in its vertical projection showing 
the angle which all the elements make with H. With any point 
of GK, the given line, as a vertex, construct an auxiliary cone 
with its elements making the angle 0„L,Eii with H. The plane 
T tangent to this cone and through the given line, will be parallel 
to the required plane, A point in the vertical trace of the plane 
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T may be had by producing the Hue GK, to pierce V. Or, as m 
the figure, a point in the vertical trace of R may be found by 
drawing the element of tangency and through any point as F, 
draw an auxiliary line of the plane. 

If the given line pierce the horizontal plane within the 
base of the auxiliary cone, no tangent can be drawn to tne base, 
and the case is impossible. 

When the given line pierces the horizontal plane outside the 
base of the auxiliary cone, two tangents may be drawn, and there- 
fore two planes mav be passed tangent to the given surface. 
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DouGLE Curved ShrfacjiS. 

loo. Double curved surfaces have no right line elements 
and are, therefore, generated hy tlie motion of curved lines in 
paths other than right lines. 

If the curve he rotated about any right line as an axis, the 
surface will be a surface of revolution, and the section cut from 
such a siirtace by a plane perpendicular to its axis, will he a 
circle. 

While it is not necessary that a double curved surface should 
be a surface of revolution, only stich surfaces will be considered 
here, as the engineer seldom has to deal with any other. 

Two surfaces of revolution, and only two, can be single 
curved surfaces ; viz., a right line revolving about another right 
line, with which it is parallel, generating a cylinder; and a right 
line revolving about another right line with which it intersects, 
generating a cone. 

A right line revolving about another right line with which 
it is not parallel and which it does not intersect, generates a 
warped surface known as the hyperboloid of revolution of one 
nappe. This is the only surface of revolution which is a warped 
surface. It will be studied in the chapter devoted to warped 
surfaces. 

loi. The double curved surfaces of revolution commonly 
met with are the following: 

If a circle be revolved about any diameter as an axis, the 
surface generated will be the sphere. 

If an ellipse be revolved about its major axis as an axis, the 
surface generated will be the prolate spheroid. 

If an ellipse be revolved about its minor axis as an axis, the 
surface generated will be the oblate spheroid. 

If the parabola be revolved about its axis the snrface gen- 
erated will be the paraboloid. 

If the hyperbola be revolved about its transverse axis, the 
surface generated will be the hyperboloid of revolution of two 
ufippes. 
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If the hyperbola be revolved about its conjugate axis, the 
surface generated is the hyperboloid of revolution of one nappe. 

As stated above, this surface may also be generated by re- 
volving a right line about another right line, with which it is not 
parallel and does not intersect. 

If a curve be revolved about any right line, not an axis of 
symmetry of tlie curve, the surface generated will be the torus. 

The usual form of the torus is generated by revolving a circle 
about an axis, not a diameter, but lying in the plane of the curve, 
the center of the circle being at a distance from the axis greater 
than its radius. 

102. Any surface of revolution may be regenerated by the 
motion of a circle along an axis through its center and perpen- 
dicular to its plane, by regulating the diameter according to some 
fixed law. In the case of the cylinder the-diameter remains con- 
stant ; in all other cases the diameter changes. 

103. If a doiible curved surface of revolution be intersected 
by a plane passing through its axis, the curve cut from the surface 
will be a meridian curve and the plane will be a meridian plane. 

The meridian cuiTe which is cut by a plane parallel to V is 
the principal meridian. 

If a meridian plane be passed through two surfaces which 
intersect and have a common axis, their meridian curves will 
intersect in two points. These points, being in the same perpen- 
dicular to the axis, when revolved will generate a circle which is 
common to both surfaces, and is tlierefore their intersection. li 
the meridian curves have more than one point of intersection on 
the same side of the axis, there will be more than one circle of 
intersection. 

If the meridian curves be tangent at two points, one on each 
side of the axis, their axes coinciding, these points in revolution 
will generate a circle which is common to both surfaces and is 
therefore their line of contact. 

104. It is usual to represent a dovible curved surface by 
taking its axis perpendicular to H. The vertical projection will 
be tlie meridian curve parallel to \'', therefore the principal merid- 
ian. The horizontal projection will be as many concentric circles 
as are needed to show the contour. 

105. If a plane be tangent to a double curved surface, at 
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least one point of the surface will lie in the plane. For, if any 
plane, other than the tangent plane, be passed tlirough the point, 
it will cut from the tangent plane a right line and from the sur- 
face a curve, which will be tangent at the point. 

As any number of planes may be passed through the point oi 
contact of a plane with a double curved surface, each cutting a 
right line from the plane and a curve from the surface, which are 
tangent to each other; it follows that the tangent plane is the 
locus of all tangents drawn to the surface at the point of contact. 

io6. Since any two lines determine a plane (if they inter- 
sect or are parallel, to pass a plane tangent to a double curved 
surface at a given point, draw two lines of the surface intersecting 
at the point; the tangents to these lines, at their common point, 
determine the tangent plane. 




Fig. Til- 



107. A right line is normal to a surface at a point, when it 
is perpendicular to the tangent plane which passes through the 
point. Any plane which contains this normal will be perpen- 
dicular to the tangent plane, and will be known as a normal plane. 
When the solid is a sphere the meridian plane passing through 
the pomt of contact of a tangent plane, contains the radius to 
that point. But the radius is normal to the surface at the point 
of tangency, and as it lies in the meridian plane through the point 
of tangency, the meridian plane is perpendicular to the tangent 
plane. 
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io8. Problem 34. To draw the projections of a double 
curved surface, and to show the projections of a point on the 
surface. 

In Kig. 74 let the surface be the oblate spheroid. To find 
the projections of a point on the surface, as the point A. ^ 

Solution. If the meridian plane passing through the point 
be revolved about the axis of the surface to a position parallel to 
V, the vertical projection of the point will be found in the prin- 
cipal meridian of the surface. After counter revolution the true 
projection will be shown. 

Construction. Pass the meridian plane S through Ah, as- 
sumed at will anywhere on the horizontal projection of the sur- 
face. The plane S will be perpendicular to H and will contain 
the axis of the surface. Revolve S about the axis O, until it is 
parallel to V. The meridian curve passing through A will then 
be vertically projected in the principal meridian, and the point 
may be at A', or B',. Revolving the plane S back to its original 
position, the vertical projection will be at A„ or B^, 

109. Problem 35. To pass a plane tangent to a sphere at 
a given point on the surface. 

In Fig. 75 it is required to pass a plane tangent to a sphere 
at (he given point A. 




Solution. Since the radius of the sphere, drawn to the 
point of contact of the tangent plane, is perpendicular to that 
plane, it is only necessary to pass a plane through the given point, 
perpendicular to the radius drawn to that point. 

Construction. Through the point Ah, draw Ai,F|„ perpen- 
dicular to the horizontal projection of the radius AhOh. The line 
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AF, being parallel to H, its vertical projection will be parallel to 
the ground line and its horizntal projection will be parallel to the 
required horizontal trace. 

Second Method. Son;TiON. If tangents be drawn to any 
two lines of the surface, intersecting in the given point, the plane 
of these tangents will be the required plane. 




Construction. In Fig. 76, when the meridian curve of the 
surface through the point A, is revolved parallel to V, the tangent 
at A is shown in the line A'„C',. The tangent intersects the axis 
of revolution at a point which remains fixed. After counter 
revolution the tangent is projected at A„C„, A^Ch piercing H at 
Bh. A plane through A, parallel to H, cuts a circle from ths 
sphere, horizontally projected in AhNhMh- A tangent to this circle 
at the point A is a second line of the tangent plane, piercing V at 
Ev. a point in the required vertical trace. The line EiAn will be 
parallel to the required horizontal trace of the tangent plane, being 
parallel to H, 

no. Problem 36- To pass a plane tangent to any surface 
of revolution at a given point on the surface, 

Let the given surface be the ellipsoid of revolution, as sliown 
in Fig. 77, and let A be the assumed point on the surface. 

Solution. The tangents drawn to any two curves of the 
surface through the given point will be lines of the required tan- 
gent plane. 

Construction. Pass the meridian plane S through the given 
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point A. To draw a tangent to the meridian curve cut from the 
surface through the point A, revolve the plane S about the axis 
00 until it is parallel to V, The meridian curve will then be 
vertically projected in the principal meridian. A tangent to this 
curve at A'y will be a line of the required plane. This tangent 
pierces H at C|„ a point in the horizontal trace. A second curve 
of the surface is the circle A^Mh- A tangent to this is a second 
line of the tangent plane. 




III. Prodlem 37. To pass a plane tangent to a sphere 
through a given right hne. 

In Fig. 78 it is required to pass a plane tangent to the sphere 
through the given line AB, 

Solution. If a plane be passed through the center of the 
sphere, perpendicular to the given right line, it will be pierced 
by the given line in a point, will cut from the sphere a great cir- 
cle; and the line drawn from the point in which the given line 
pierces the plane, tangent to the circle cut from the sphere, will 
be a line of the required plane. 

CoNSTGUcTroN. The plane R is passed through O, the center 
of the sphere, perpendicular to the line AB, and is pierced by AB 
in the point A. (Construction for finding A not shown.) The 
plane R, passing through the center of the sphere, cuts from it a 
great circle. To draw this circle and a tangent to it from A, the 
plane R is revolved into H about its horizontal trace. (This 
construction is not given in the figure.) The center O, falls at 
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O' and the point A at A'. With center O' and radius er|Lial to 
the radius of the sphere, draw the great circle, cnt from the 
sphere by the plane R. The tangent A'E' to this circle is a line 
of the required tangent plane. After counter revolution the tan- 
gent is at AE. Through AE and Ari the plane may be passed. 

Much of the construction of this problem is omitted because 
the figure would be too complex if all were included. 




112. Second Method. I'koblem 37. ' 

Soi,UTiON. If, with any point of the given line as a vertex, 
a cone be constructed with its elements tangent to the sphere, a 
plane tangent to this cone througli the given line will be tangent 
to the sphere. 

Construction. Let A of the line AB be the vertex of a cone, 
tangent to the sphere. The circle of contact of the sphere with 
the cone may be considered its base, and the plane of this circle 
the plane of its base. If the point be found in which the given 
line AB, pierces this plane and a tangent be drawn from this 
point to the base, the tangent will be a second line of the required 
tangent plane. 

In Fig. 79, AO is the axis of the cone. The horizontal pro- 
jecting plane of AO cuts a great circle from the sphere and two 
elements from the cone, also a diameter from the circle of tan- 
gency of the cone and sphere. The horizontal projecting plane is 
revolved into H, A falling at A', O at O'; the great circle cut 
from the sphere is shown incomplete in F'G'. The tangents to 
the great circle are A'F' and A'G'. The diameter of tne circle of 
tangency is the line G'F', M' being the center of that circle. After 
counter revolution, M' is horizontally projected at Mt, vertically 
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at ilv. The plane of the base, R, passes through M perpendicular 
to. the axis AO. The Une AE pierces R at B. If, now, the plane 
R be revolved into H about its H trace, B will fall at B' and M 
at M". With center M", and radius M'F', draw the circle N'K'. 
From B' draw B'K' tangent to tliis circle, this being the trace of 
the required tangent plane in the plane R, After counter revolu- 
tion, this tangent is projected in the line BK. Through AB and 
BK pass tlie required tangent plane. 

Much of the construction is omitted from Fig. 79 to avoid 
a complex drawing. 




113. A discussion may be given here of a problem which is 
usually given in the chapter on the point, line and plane, but 
requires the use of a sphere as an auxiliary surface in its solution. 

PROBi,:eM 38. Let it be required to draw the traces of a 
plane when the angles made by the plane with two planes of 
projection are given. 

In Fig. 80 let B be the angle made by the plane with H and 
A the angle made by the plane with V. 

Solution. Construct a sphere of any radius with its center 
in the ground line HV, and assumed to be tangent to the required 
plane. If, through the center of the sphere a plane be passed 
perpendicular to the horizontal trace of the required plane, it will 
be perpendicular to that plane and to H; and will cut from the 
required plane a line which is tangent to the circle cut from the 
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auxiliary sphere and makes with H the angle which the plane 
makes with H. A similar construction with reference to the ver- 
tical trace determines a second line of the required plane. 




Construction. With the center of the auxiliary sphere 
in the ground line, its vertical and horizontal projections coincide. 
If a plane be passed through the center of the sphere, perpendicu- 
lar to the required horizontal trace, and then be revolved about 
its vertical trace into the vertical plane, the circle cut from the 
sphere will be vertically projected in the projection of the sphere. 
The line cut from the required plane, shown at AyB', will be 
tangent to this circle, and the angle which it makes with the 
ground line is equal to the angle which the plane R makes with 
H. The line A,B' pierces V in Ay, a point in the V trace of the 
required plane, and pierces H somewhere in the circular path 
B'Bt. Similarly, by passing a plane through the center of the 
sphere and perpendicular to the vertical trace of the required 
plane, and revolving this plane into H, the angle made with V 
is the angle which the line D'Ci, makes with the ground line. 
DC pierces H at Ch and V somewhere in the arc D'Dv. Draw 
through Ch the horizontal trace of R, tangent at Bh to the arc 
B'Bh. In a similar manner the vertical trace is drawn. 

If a plane be parallel to the ground line HV, the sum of the 
angles made by the plane with H and V will be 90°. If the plane 
be perpendicular to the ground line HV, the sum of the angles 
made with H and V will be 180°, each being 90°. Then the sum 
of the angles which a plane makes with H and V must he as 
great as 90" and not greater than 180°. 

Ex. I. Through the point Ai^, — 3,-2) pass a plane which 
makes with H an angle of y^° and with V an angle of 45°. 
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CHAPTER V. 

Integsection of Single and Dourrx Curved Surfaces by 
Planes, and the Devei-opment of Surfaces. 

1 14. If it be required to find the point in which a line pierces 
a surface, it is only necessary to pass a plane through the iine, 
intersecting the surface. This auxiliary plane will cut a line 
from the surface, which will intersect the given line in the re- 
quired point. 

The auxiliary plane shotdd be selected which cuts the simplest 
possible line or lines from the surface. Thus, if the surface be a 
cylinder, the plane should be parallel to its axis. If the surface 
be a cone, the auxiliary plane should pass through its vertex. If 
the surface be a sphere, the auxiliary plane should be passed, 
parallel to one of the planes of projection, preferably through 
the center of the sphere. 

If the given line be a curve of single curvature, its plane 
will intersect the surface in a line, which, if there be an inter- 
section, will intersect the given line in the required point, or 
points. 

If the given line be a curve of double curvature, a cylinder 
or cone may be constructed as an auxiliary surface, which will 
contain the curve on its surface. The intersection of this aux- 
iliary surface with the given surface will, if there be an inter- 
section, contain the required point, or points. 

115. To find the line of intersection of a plane with a 
surface, intersect the plane and surface by a system of auxiliary 
planes. Each auxiliary plane will cut from the given plane a 
line, and from the surface either a right line or a curve, which 
will intersect in a point or points of the required line of intersec- 
tion. The line of intersection is drawn by joining tlit points of 
intersection. 

116. The tangent at any point of the curve of intersection of 
a plane with a surface will lie in the cutting plane, and will also 
he in the plane tangent to the surface at the assumed point. 
Therefore, to draw a tangent to the curve of intersection of a 
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plane with a single curved surfnce, pass a plane tangent to the 
surface at the assumed point. The intersection of the tangent 
plane with the cutting plane will he the required tangent. 

117. If a single ctirved surface be rolled upon the tangent 
plane passed through any element of the surface, until its right 
line elements consecutively lie in the tangent plane, the surface 
is developed, and the plane has the same area as the surface of 
the solid. 

Only surfaces having two consecutive elements in the same 
plane can he developed, as only ?uch surfaces can be made to 
coincide with a tangent plane. Therefore, only single curved 
surfaces can be developed. 

In order to find tlie positions of the elements when a surface 
is developed, it is necessary to choose some curve of the surface, 
which, when rolled upon the tangent plane, will develop in a 
right line, an arc of a circle, or some simple curve which can be 
correctly drawn. Upon the development of this curve the rectified 
distances between elements may be laid off. 




118. pROEi.iiM 39. To find the intersection of a right cj'lin- 
der with a circular base by an oblique plane. 

In Fig. 81 it is required to find the curve of intersection of 
the cylinder whose base is ADCB, with the plane R. 

Solution. If a system of auxiliary planes be passed parallel 
to the axis of the cylinder, right lines will be cut frc«ii the plane 
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and elements from the cyimder, which intersect in points of the 
required curve of intersection. 

Construction. If these auxiliary planes he passed parallel 
to the horizontal trace of R, they will cut lines from the plane 
which are horizontally projected in the horizontal traces of the 
auxiliary planes, and vertically projected parallel to the ground 
line. For example, the plane T cuts the line AB from the plane 
R, and the elements FA and MB from the cylinder. These ele- 
ments intersect the line AB in the points A and B, two points in 
the curve of intersection. Other points are determined in like 
manner and the curve of intersection drawn. 

In selecting auxiliary planes care should be taken to locate 
tlie critical points In the curve. For example, the plane S locates 
the highest point K of the curve. Another plane should locate the 
lowest point; others should pass .through the contour elements 
of the cylinder to detennine the visible portion of the curve, etc. 

Second Method. Solution. If planes he passed perpen- 
dicular to the axis of the cylinder, they will cut circles from the 
cylinder and right lines from the plane. The intersection of these 
lines and circles are points of the required curve. The vertical 
projections of these circles are in the vertical traces of the aux- 
iliary planes. 

119. Problem 40. To draw a tangent at any point to the 
ctirve cut from a cylinder by an oblique plane. 

In Fig. 82 it is required to draw a tangent to the curve of 
intersection of R with the cylinder, through the point A. 

Solution. If a plane he passed through the assumed point 
tangent to the cylinder, its line of intersection with t'le cutting 
plane will be the required tangent line. 

120. Problem 41. To develop that portion of a right cylin- 
der with a circular base lying between H and an oblique plane. 

In Fig. 82 it is required to find the development of the 
portion of the cylinder lying between the planes R and H. 

Solution. Since the plane of the base is perpendicular to 
every element of the cylinder, it is perpendicular to the two con- 
secutive elements which lie in a tangent plane; and as all the 
elements are parallel, the base will roll out in a straight line. On 
this line the rectified lengths of arc of the base, between any 
two elements, may be shown, and the elements be drawn their 
true lengths parallel to the elements of tangency. 
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Construction. The curve of intersection is found by Prob- 
lem 38. Let the element CK be the element of fangency, shown 
in the developed position at C'K'. From C lay off the rectified 
distances C'l', i'2', etc., equal to the arcs Chin, iiA, etc. Since 
the axis of the cylinder is perpendicular to H, the base is a right 
section and may be conveniently rectified in the ground line. The 
heights C'K', L'l', etc., are the portions of the elements between 
the planes. The area between the curve K'G'N'K', and the recti- 
fied base, and between the elements K'C and K'C is the required 
development. 




In getmg- the projection of the tangent AB on the developed 
surface, it should be noted that the tangent is the hypothenuse 
of a triangle of which the base is the projection GhAh, and the 
altitude the distance from G,. to HV. Lay off froni G'l, the 
distance Gj.Ah to A' and draw the tangent G'A'. 

121. Problem 42. To find the intersection of an oblique 
cylinder by any plane, to draw a tangent to the curve of inter- 
section and to develop that portion of the cylinder between H and 
the cutting plane. 

In Fig. 83 it is required to find the curve of intersection of 
the cylinder with the plane R and to develop the portion of the 
cylinder between H and R. Also to draw a tangent to the curve 
of intersection at the point L. 
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Solution. Intersect the cylinder and plane by any system 
of planes which will cut elements from the cylinder. Each plane 
(except the tangent planes which cut one each) will cut two 
elements from the cylinder and a line from the plane, which inter- 
sect in points of the required curve of intersection. 




To draw a tangent at any point of this curve, pass a plane 
through the point tangent to the cylinder. The intersection of 
the tang-ent plane with the cutting plane will be the recjuired 
tangent line. 

To develop the surface, pass a plane perpendicular to the 
axis, cutting a right section from tlie cylinder. As this section 
when rolled out on a tangent plane will develop into a right line, 
distances between elements may be shown on it. Distances from 
this section to any other, as the base, may be measured along the 
elements by first finding their true lengths and laying off the dis- 
tance between the right section and the base. 

Construction. The simplest planes to tise in this case arc 



y Google 



78 DivSCRirXEVE CEOMETBY. 

either perpendicular to H or V". The plane W, passed parallel to 
the axis of the cylinder and perpendicular to H, cuts two ele- 
ments from the cylinder and a line from the plane, locating the 
points K and O of the curve. Other points are located in a simi- 
lar manner, and the curve MKLNO drawn. As the auxiliary 
planes are parallel, their intersections with the plane R are par- 
allel lines. The portions of the curve behind the contour elements 
in the vertical projection and below the contour elements in the 
horizontal projection are dotted, becaiise hidden by the cylinder. 
Care should be taken to note the visible and invisible points of 
the curve as the auxiliary planes are used. 

The plane R in Fig. 83 is assumed perpendicular to the axis 
of the cylinder. This is done that the section will be a right 
section and may be used in the development of the surface. 
Otherwise another plane, perpendicular to the axis, would be 
required, which would make the drawing very complex. 

To find the true form of the right section cut by the plane 
R revolve R into H, the true form showing in the curve M'K'L'N'. 
If the cylinder be developed on a tangent plane, this section will 
develop into a straight line, shown at (A) Fig. 83, in the line 
M"L"K"N". On this line lay off the rectified distances between 
elements, M"K", K"l-", etc. On the perpendicular through K" 
lay off the true distance from K to A, a point in the required 
curve, found by revolving the line KA parallel to V or H. The 
points D, F, etc., are found in like manner, locating tlie ciirve 
D'F'A'D', the development of the intersection of the cylinder with 
H. 

In general, to draw a tangent at any point of the curve 
of intersection of an oblique cylinder with a plane after develop- 
ment, note that the true length of the element of tangency, shown 
in the development, is one side of a triangle, Jhe line in H joining 
the point where the tangent pierces H with the point where the 
element of tangency pierces H is a second side, and the third is 
the true length of the tangent from the point of tangency to 
where it pierces H. This triangle is constructed on the developed 
position of the element of tangency. 

In Fig. 83, the plane being perpendicular to the axis of the 
cylinder, in the development its curve of intersection coincides 
with the tangent. 

122. It should be noted that in Fig. 83 the intersection of 
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the horizontal plane with the cyHnder, which is oblique, is a 
circle. It therefore follows that a right section can not be a 
circle. Another section, cut by a plane making the same angle 
with the axis as is made by the plane H, biit in an opposite direc- 
tion, will also be a circle. Such a section is known as a sub- 
contrary section. 

123. Problem 43. To find the intersection of a right cone 
with a circular base by an oblique plane, to show the curve of 
intersection in its true form, and to draw a tangent to ibis curve 
at any point. 

In Fig. 84 it is required to find the intersection of the plane 
R with the cone whose base is ABCG, and to draw a tangent at 
the point M. 




Solution. If planes be passed through the vertex of the 
cone, perpendicular to the horizontal plane, they will cut from the 
plane right lines, and elements from the cone, which intersect 
in points of the required curve of intersection. 

To draw a tangent at any point, pass a plane tangent to the 
cone through the assumed point. It will intersect the given plane 
in the required tangent. 

To find the true form of the curve of intersection it is only 
necessary to revolve the plane of the curve into H or V. 

Construction. Since all the auxiliary planes, T, U, etc.. 
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are perpendicular to H and pass through a common point O, the 
vertex of the cone, they intersect in a common line, the axis of 
the cone. This line pierces the plane R in the point E. Then all 
the lines cut from R by the auxiliary planes pass through the 
point E. To draw additional auxiliary planes, as the plane S, it 
is only necessary to draw the horizontal trace. The vertical pro- 
jection of the intersection of the horizontal trace of R with the 
plane S, is in the ground line, and with Ev wil! determine the 
required line. 

The drawing of the tangent at the point M and finding the 
true form of the curve of intersection of R with the cone are 
omitted from the figure. 
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124. In Fig. S4 if the plant' R intersect the cone and be 
passed parallel to an element, the curve cut from the cone is the 



If the cutting plane be parallel to the axis of the cone, the 
curve of intersection is the hyperbola, and in general will be a 
curve of two nappes. 

If the plane cut the cone at an angle between parallel to an 
element and perpendicular to the axis, the curve of intersection 
is the ellipse. 

If the plane be perpendicular to the axis, the curve cut from 
the cone is a circle. 

125. ProcIiSM 44. To develop the right cone with a cir- 
cular base. 

Let the cone be given as in Eig. S4. To develop the portion 
of the cone above the plane R. 

Soi,UTioN. Since the cone is a right cone with a circular 
base, every point in the base is equally distant from the vertex. 
Therefore if an arc of a circle be drawn with a radius equal to 
the slant height of the cone, the center wilt be the developed 
position of the vertex, and a portion of the circumference the 
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developed base. Measuring on this circumference a lengtli equal 
to the base and drawing the elements of the cone completes the 
development. Lay off from the vertex the true distances to the 
curve of intersection, locating points in the developed curve. 

CoNSTEUCTioN. To find the true length O'F', it is necessary 
to first revolve OF until it is parallel to V. Other points in the 
curve are found in a similar manner and the curve drawn, as 
shown in Fig. 85. 

126. Probl3;m 45. To find the intersection of any oblique 
cone by a plane. 

In Fig. 86 it is required to find the intersection of the plane 
K. with tlie cone whose base is ABCD. 




Solution. If through the vertex of the cone planes be 
passed perpendicular to H, they will cut elements from the cone 
and right lines from the plane. These intersect in points of the 
required curve of intersection. 

Construction. The planes S, T, U, etc., being perpen- 
dicular to H, and passing through the vertex of the cone, inter- 
sect in a line perpendicular to H, through the point O. This 
line will pierce the plane R, in a point common to all the 
auxiliary planes, and is therefore a point in the Hne of inter- 
section of R with each of these planes. This common point is 
G, horizontally projected at O^, the vertex of the cone. The 
points of the curve are determined by methods of Problem 43. 

127. Problem 46. To develop an oblique cone, to draw a 
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tangent to any point of the curve of intersection of a cone by an 
oblique plane, and to find the true section cut by such a plane. 

Let the cone be given as in. Fig. 86. To draw a tangent to 
the curve KFM, at any point, as F, to show the true form of the 
curve, and to develop the portion between H and R.. The de- 
velopment is shown in Fig. 87. 
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Solution. Since no section made by a plane with an oblique 
cone will make the same angle with all the elements, points in 
the base will not be equally distant from the vertex, and hence 
can not develop in the arc of a circle. To develop an oblique 
cone, construct a triangle of which one side is the rectified base 
between any two elements, the other sides being the true lengths 
of these elements. Construct a second triangle on one of these 
developed elements as a side, the rectified base between this and 
a new element being a second side, and the true length of the 
new element a third. Continue this construction till enough 
points are found to draw the developed curve of the base. From 
the vertex lay off along the elements the true distances to the 
cutting plane, locating points in the curve of intersection. 

To show the true form of the curve of intersection of the 
cutting plane with the cone, revolve the plane into one of the 
planes of projection. 

The intersection of a tangent plane through any point on 
the curve of intersection of a cutting plane, with the cutting 
plane, will be the tangent to the curve at that point. 

Construction. In Fig. 87, with O', the vertex of the cone, 
as a center, and true length of the element EO; as a radius, 
strike an arc through E'. Draw the element O'n!. Similarly, 
with center O', and radius O'D', the true length of the element 
OD, strilce an arc through D'. With center E', and radius equal 
to tlie rectified arc of the base from E to D, strike an arc locating 
the point D'. In a similar manner construct the triangle O'D'C, 
etc., until all the base is developed. Points In the curve F'K'K' 
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are found by laying off from O' the true lengths OF, OK, etc. 
In the figure only a part of the development is shown. 

The student will show the true form of the section made by 
the plane R, with the cone in Fig. 86, and draw a tangent to the 
curve at the point F. 

128, Problem 47- To find the curve of intersection of a 
plane with a convolute surface, as the single curved surface with 
the helical directrix. 

In Fig. 88 it is required to find the curve of intersection of 
the plane R with the surface whose base is the curve ABCD. 




Solution. If auxiliary planes be passed tangent to the 
helical directrix, perpendicular to the horizontal plane, they will 
cut elements from the surface, and right lines from, the plane, 
which intersect in points of the required curve of intersection. 

Construction. The auxiliary plane S cuts the line KL. 
from the plane R, and the element CE from the surface, their 
horizontal projections coinciding in the trace of the plane S. 
They intersect in L, a point in the curve of intersection. Simi- 
larly, the plane T locates the point M. The horizontal projection 
of the curve does not cross the horizontal projection of the helix, 
as no points can be horizontally projected inside the circle with 
the elements tangent to it. 



129. Problem !|8. To draw the c 
double curved surface by a plane. 



of intersection of r 
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In Fig. 89 il is required to find the ctirve of intersection of 
tlie plane R with the ellipsoid of revolution. 

Solution. First Method. If auxiliary planes be passed 
through the surface of revolution, parallel to H, tliey will cut 
circles from the surface of revolution and right lines from the 
plane, which intersect in points of the required curve of inter- 
rection. 




Construction. First Method. Since the auxiliary planes 
are parallel to H, the horizontal projections of the circles cut 
from the surface will show in their true form. Moreover, the 
lines cut from the plane R by the auxiliary planes will be hori- 
zontally projected parallel to the horizontal trace of R. The true 
size and shape of the section cut from the surface may be shown 
by revolving R parallel to H or V. 

It is convenient to know at the start between what limits 
the auxiliary planes parallel to H should be passed, thus locating 
the highest and lowest points in the curve. This may be done by 
passing the meridian plane T, perpendicular to the horizontal 
l'"ace of R. The line of intersection of R and T is a line of syni- 
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nictry of the curve cut from the solid, piercing it at the highest 
point M, and the lowest point N, of that curve. 

Second Method. If meridian planes be passed through the 
surface they will cut meridian curves from the surface and right 
lines from the plane, which intersect in points of the required 
curve of intersection. To locate these points the meridian planes 
are revolved about the axis of the surface imtil they are parallel 
to V and their meridian curves arc therefore projected on V in 
the principal meridian. 
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CHAPTER VI. 
Intersection oi' Solids. 

130. The intersection of any two solids may be found by 
passing through them a system of auxiUary surfaces, usually 
planes. Each auxiliary surface, if it intersects both the given 
surfaces, will determine one or more points of the curve of inter- 
section. 

The system of auxiliary surfaces should be chosen to cut the 
simplest pOFsible lines from the given surfaces. 

131. Let it be required to draw a tangent to the curve of 
intersection at any point, the given surfaces being curved sur- 
faces. Since the point is on each surface, pass a plane tangent 
to each surface through the given point. The line of intersection 
of these tangent planes is the required tangent line. 

132. In constructing the curve of intersection, great care 
should be taken to determine which points are visible to the ob- 
server, and to so mark them than there will be no mistake in 
joining projections of points to get the projections of lines. As 
an aid m drawmg these projections, the critical points of the 
curve should be found first, such as the highest and lowest points, 
the points where the curve becomes invisible, the points located by 
the planes which are tangent to one or both surfaces, etc. 

133. Problem 49. To find a curve of intersection of any 
two single curved surfaces. 

Let the surfaces be a cylinder and cone, as given in Fig. 90. 

Solution. If the surfaces be intersected by a system of 
planes passing through the vertex of the cone and parallel to the 
axis of the cylinder, they will cut elements from both surfaces 
which intersect in points of the required curve of intersection. 

Construction. In Fig. 90 the line OE passing through the 
vertex of the cone and parallel to the axis of the cylinder is a 
line of every aiixiliary plane, and pierces H in a point common 
to every horii^ontal trace, and V in a point in every V trace. The 
plane S has its H trace through the common point for all H 
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traces and is drawn tangent to tl;e base of the cylinder. The V 
trace is drawn through the common point of all V traces. It is 
tangent to the cylinder along the element KB and cuts two ele- 
ments from the cone, which pierce V at 2, 3. The element KB 
of the cone intersects the elements cut from the cylinder at G and 
K. It should be noted that if a plane be passed tangent to the 
cone at the point K, its intersection with the plane S, tangent to 
the cylinder, will be the element of the cone through K. But 
this makes the element through K also the tangent to the curve 




riff. 90 



of intersection through K; for the elements of the cone intersect 
elements of the cylinder between G and K. The element through 
K does not, therefore, cut the curve, and since both are on the 
surface of the cone, it must be tangent. Then the direction of 
the curve through K, also through G, is known, and the curve 
should be sketched tangent to elements of the cone through these 
points. In like manner the plane R, tangent to the cone, cuts 
two elements from the cylinder, locating the points M, N. The 
curve should again be sketched, tangent to the two elements cut 
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from the cylinder. With the curve sketched through the points 
M, N, K, G, its general shape is known. In the figure, it will be 
a single closed curve. If the planes R and S were both tangent 
to the cone, tliis would show tliat the cone passed through the 
cylinder and the intersection would then be two closed curves. 
Similarly, if the limiting planes were both tangent to the cylinder, 
it would pass through the cone, giving two closed cui-ves. 

Additional auxiliary planes are passed through the surfaces, 
between R and S, locating enough points to draw the curve. 
These planes should be selected to locate the critical points of the 
curve, as the highest points, points determined by contour ele- 
ments of the surfaces, etc. 

Care should be taken to determine the visible and invisible 
portions of the curve in the two projections, in the horizontal 
projection of the cylinder the elements are visible which pierce 
H along the curve of the base ChA^ to Lh, and the elements of 
the cone are visible which pierce V along the curve of the base, 
3v 2v to 6,. Then in the horizontal projection, if elements inter- 
sect which pierce H and V between these limits, the point is 
visible. Continuing the investigation, the student will determine 
the visible portion of the curve of intersection in the vertical 
projection. 

As the planes are passed through the surfaces, all the points 
of intersection should be found and properly lettered or marked, 
and where possible, the curve sketched as they are found. 

134. [f the svirfaces be cylinders, the system of auxiliary 
planes will be passed parallel to their axes. 

If both the given surfaces be cones, the system of auxiliary 
surfaces will intersect in the line which joins the vertices of the 
cones. 

Examples. 

Ex. I. An oblique cone with a circular base stands on H, 
the center of the base being 0(5.0, — 2,0.0); radius of base is 
1.5", and the vertex of the cone at (8.0,-4.0, — 4.0). It is re- 
quired to draw the projections of the cone, the projections of its 
intersection by the plane which passes through the points A(8.o, 
0.0,0.0), E(2.o, 0.0,— 4.0) and C(3.o, — 4.0,0.0), and to find the 
true form of the curve by revolving it to the right into H. Also 
develop the portion of the cone between H and the cutting plane. 
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At any convenient point in the curve of intersection draw a 
tangent and show the tangent after development. 

'Ex. 2. A CA'Hnder with a circular base stands on H, with its 
center at 0(4.5, — 2.75,0.0), radius 1.25", the elements being 
parallel to the line A{5.5. — 0.75, — 5.5), B(o75, — 4.0, 0.0). A 
cone with a circ.ilar base also stands on H with its center at the 
point C(6.o, — 2.50,0.0), radius 2", vertex at the point 0(5.5, — 
0,75, — 3.5). It is required to construct the projections of the 
surfaces, and of their curve of intersection, and to draw a tangent 
to the curve at any convenient point. 

Ex. 3. A sphere with a radius 1.5" has its center at A(3.5, 
— 1.5, — 1.5). A cylinder with a circular base, radius 1.25", stands 
on H, center of base at B(x, — 1.5,0.0) ; the elements are paral- 
lel to V, and inclined to the right at an angle of 60° to H, and 
tlie extreme left-hand element is tangent to the sphere. It is 
required to draw the projections of the surfaces with their curve 
of intersection. 

Ex. 4. A convolute surface is formed by tangents to a 
helix, the center of its horizontal projection being at the point 
0(4.5, — 2.0,0.0), the radius of this projection being 1.25", and 
the angle made by the curve with H, 45°. The surface is inter- 
sected by a plane with a trace passing through the points A(i.o, 
0.0, 0.0), B(4.o, — 4.0, 0.0) and the plane makes with H an angle 
of 45°. It is required to draw the projections of the curve of 
intersection. 

Ex. 5. It is required to find the intersection of two cylin- 
ders. The first stands on H with its center at the point 0(4.0, — 
3.0,0.0), radius 1,5", axis parallel to V but inclined 30° to the 
right of a vertical line. The second cylinder, 3 inches in diam- 
eter, has its axis parallel to the ground line 2 3/4" behind V, and 
its top element in H. It is also required to develop both cylinders. 

Ex, 6, Given a sphere with radius 2", center at 0(3-0, 
■—2.25, — 2.0), and a plane through A(6,5, 0.0, Co) perpendicular 
to V and inclined to H. The section of the sphere by the plane 
forms the base of a cone, whose vertex is at the lowest point of 
the vertical diameter of the sphere. It is required to find the true 
form of a section of this cone by a plane parallel to H, through 
the center of the sphere. 

Ex. 7. A circle 1.5" in diameter, with its plane perpendicu- 
lar to H, revolves about an axis which is also perpendicular to 
H, and at a distance of 3" from the center of the circle, gener- 
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ating a tonis. It is required to find the intersection of this sur- 
face by an oblique plane, and to show the true form of the curve 
or curves of intersection. 

Ex. 8. To find the intersection of two right cones, one 
base being in H and the other in P. The base in H is 2" in 
diameter and the base in P 3" in diameter, and the elements near- 
est V intersect. 

Ex. 9. To find the position of a guide pulley and its shaft, 
to take a belt in either direction from one pulley to another, 
whose shafts are at right angles to each other. The limitation is 
the well-known principle that a belt must be delivered from a 
pulley, into the plane of the pulley which is to receive it. 

Ex, 10. Given the elevation of the outline of a twelve-sided 
vase, to draw its complete projections, and to develop one of the 
sides as a pattern. 

Ex. II. A cylinder 2" in diameter has its axis perpendicular 
to P and passes through the point (1.0,-1.5,— 2,0). ^ prism 
with a regular hexagon as its base in H, has its edges parallel 
to the line A{i,- — 3,0), 6(4,0,^3). The center of the circum- 
scribed circle of the base is at (0.0, — 3.0,0.0), radius 3". Find 
the curve of intersection of the cylinder witii the prism and 
develop both, surfaces. 

Ex. 12. A cast-iron water pipe 24" in diameter is entered by 
a pipe 14" m diameter, their axes making an angle of 75°, and 
their top elements intersecting. Draw the projections of the 
curve of intersection. 

Ex. 13. A cylinder with a circular base has its axis passing 
through the points A(2.o, 3.0,0.0), 6(4.0,2.0,3.0), the diameter 
of the base being 1,5". A second cylinder has its axis passing 
through the points B and C(7.o, 4.0, 0.0). These cylinders are 
to be made in sheet metal. Find the projections of the second 
cylinder of such dimensions and section that it will exactly fit the 
first. Show the true sections and develop both cylinders. 

Ex. 14. Find the right section of tlie raking moulding 
which will mitre with a gutter, the pitch of the roof and the 
section of the gutter being given. 

Ex. 15. Draw the projections of a five-piece elbow to be 
made in sheet metal. Diameter of cylinder three inches. Develop 
one of the pieces. 
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Warped Surfaces. 



135. A warped surface is generated by a right line moving 
so tliat no two consecutive positions are eitlier parallel or inter- 
sect; therefore so that no two consecutive elements of the surface 
lie in the same plane. 

Warped surfaces are represented by projecting the directrices 
and several elements, or, what is the same thing, showing several 
positions of the generatrix. 

An iniinite number of surfaces may be generated by the con- 
tinued motion of a right line, which by definition wdl be warped 
surfaces. The more common ones only can be treated here. 




136. A right line moving along two lines not in the same 
plane, but always moving parallel to a given plane, will generate 
a warped surface. The plane is known as the plane director and 
the fixed lines as the directrices. 

If the directrices be right lines, the surface is known as the 
hyperbolic paraboloid. 

If one directrix be a right line and the other a curve, the 
warped surface will be known as the conoid. If the right line 
directrix be perpendicular to the plane director, the surface is 
the right conoid, and the right line is known as the line of 
stricture. 
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137. Pnoni.EW 50. To draw the projections of an element 
of a warped surface wlien the directrices and the plane director 
are given. 

In Fig;. 91 let R be the plane director and AB and CD the 
directrices. 

Solution. If through any point of one directrix an aux- 
iliary plane be passed parallel to the plane director, it will cut 
from the required surface an element, which will intersect the 
second directrix in the point in which that directrix pierces the 
auxiliary plane. 

Constkuction. The simplest possible solution of this prob- 
lem is shown in Fig. 91, where the directrices are right lines AB 
and CD. Through E of the line AB, a plane S is passed parallel 
to the plane director R. Tins atixiliary plane S is pierced by the 
directrix CD, in the point E. But E and B are points in the 
plane S, parallel to the plane director, and the line joining them 
will therefore be parallel to the plane director. The points B and 
E, are also points of the directrices and therefore lie in the sur- 
face. The line BE, therefore, is an element of the warped surface. 

138, If the general case of the problem be assumed, the 
construction is not so simple; for instead of the horizontal pro- 
jecting plane of the second directrix CD, Fig. 91, we must, in 
general, deal witli the horizontal projecting cylinder of CD, and 
the line of intersection of the auxiliary plane, and this cylinder, 
must be found. 




Fig. 92 shows the general solution of this problem. The 
lines AB and CD are the directrices and R the plane director. 
S is an auxiliary plane through E, parallel to the plane R. This 
plane is pierced by the directrix CD, in the point F, and EF is 
an element of the warped surface. To find the point F, pass a 
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cylinder through CMD perpendicular to H. This auxiliary 
cylinder is pierced by the traces of S in the points O and N. 
The line KL of S pierces the auxiliary cylinder in M. The 
curve NMO is the intersection of S with the projecting cylinder 
of CD, and F is the point in which CD pierces the plane S. The 
required element of the warped surface passes through the points 
E and F. 

139. Second Method. Problem 50. Solution, Since 
two or more lines are sufficient tc determine a plane (Art. 51), 
if two or more lines of the plane director be drawn, and through 
any point of one directrix lines parallel to these lines be drawn, 
they will determine a plane which is parallel to the plane director, 
and is pierced by ihe other directrix in a point of the required 
element. 




Construction. Fig 93. In the plane R, two lines are 
drawn which, taken with the traces, make four lines of the plane 
director intersecting at a point. Through E in AB four lines 
are drawn, parallel, respectively, to the four lines of R. These 
lines determine a plane, parallel to the plane director, which con- 
tains the required element of the surface, and is pierced by 
CD in a point of that element. The point E of AB is assumed 
at will. To find F of CD, draw the horizontal projecting cylin- 
der of CD. The lines of the auxiliary plane pierce this cylinder 
in the points G, K, L, M. The vertical projection of this curve 
of intersection is shown at Gi,K,-EvM„, intersecting the vertical 
projection of CD in the point F„, the point in which CD pierces 
the auxiliary plane. The required element is the line EF. 
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140, Problem 51- To draw an element of a warped sur- 
face with a plane director which shall be parallel to a given line, 
the giveti line being in the plane director or parallel with it. 

In Fig. 94 let AB and CD be the directrices, R the plane 
director, and EF a line of R the given plane. 

Scr,uTiON. If through eitlier directrix, lines be drawn paral- 
lel to tlie given line, they will be elements of a surface which 
contains the required element of the warped surface. As this 
element intersects the second directrix, it will pass through the 
point in which the second directrix pierces the auxiliary stirface. 




Mff.94 



Construction. Through the points K, O, etc., of the line 
CD, draw lines parallel to the given Une EF, of the plane director. 
Since CD is any curve, these parallel lines will be elements o£ a 
cylinder. To find the point in which AB pierces tliis surface, pass 
the horizontal projecting cylinder of AB. The lines through K, 
O, etc., parallel to EF pierce the horizontal projecting cylinder 
at G, J, etc., points of the intersection of the two surfaces. The 
vertical projection of the line of intersection intersects A,B„ in 
Mv, horizontally projected at M,,. The point W, being in a cylin- 
der passing through the directrix CD, and also in the directrix 
AB, the line MN, parallel to the given line EF, will be the re- 
(|uired element of the warped surface. 



141. Proelem 52. To assume a point on a warped surface. 

In Fig. 95 the warped surface has AB and CD as directrices 
and R for its plane director. To assume a point on the surface 
whose horizontal projection is Mn. 

Solution. If one projection of the point be assumed, as its 
horizontal projection, and a plane be passed through the point, 
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perpendicular to H, it will cut from the warped surface a line 
which contains the assumed point. 

Construction. In Kig. 95 it is necessary to first draw at 
least three elements of the surface, which may be done by eitlier 
method of Prob. 50. Through the assumed horizontal projection 
Mh, pass any plane perpendicular to H, as the plane S. This 
plane is pierced by elements of the surface in the points E, F, G, 
locating the curve whose vertical projection is the line EyF^Gv- 
The vertical projection of the required point is at Mv. 
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142. It may be shown for warped surfaces as in single and 
double curved surfaces, that the generatrix may become fixed and 
the directrices move according to some law, resulting in the re- 
generation of the surface. In the case of the hyperbolic parabo- 
loid, therefore, any two elements of the surface may be taken as 
directrices, a plane parallel to the given directrices as the plane 
director, and the surface be regenerated by moving either of the 
original directrices, as generatrix, always in contact with the 
new directrices, parallel to the new plane director. 

143. Probi,e;m 53. To pass a plane tangent to the hyper- 
bolic paraboloid at a given point on the surface. 

Solution. If through the given point an element of each 
generation be drawn, being lines of the surface, they will be lines 
of the required tangent plane. 

Construction, In Fig. 96 let AB and CD be the directrices 
and BC and AD the elements of the first generation. Let BC 
and AT) be elements and AB and CD be directrices of the second 
generation. The assumed point O, on the surface, is located by 
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Prob. 52 (construction not shown). Draw EO and KO parallel 
to the elements of the first generation. They will determine a 
plane parallel to the first plane director which is pierced by CD 
at M. Then OM is an element of the surface through the as- 
sumed point of tangency and is therefore a line of the required 
tangent plane. In a similar manner ON is found to be an element 
of the second generation through O, and is therefore a second 
line of the tangent plane. The plane of OM and OK is the re- 
quired tangent plane at O. In the figure the traces of this plane 
are not dn'wn. 




In the construction of this problem the plane director is not 
f.hown, but is made use of in a manner now explained. Any two 
lines are assumed at will as the directrices, as AB and CD, Fig. 
06. Draw at will any two lines intersecting these lines as AD 
and EC. These are elements of the warped surface, parallel to 
a plane director, for we may pass a plane through any convenient 
point in space which will be parallel to these assumed elements 
and would therefore be their plane director. In a similar manner 
the elements of the second generation have a plane director paral- 
lel to AB and CD. 

144. in general, a plane tangent to a warped surface at a 
point may be foimd by drawing aiiy two lines of the surface pass- 
ing throug-h that point. Tangents to these lines will lie in the 
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tangent plane. However, when the surface is of such form 
that two right lines of the surface may be drawn passing through 
the point, the tangent plane will pass through thera. Surfaces 
of this class are known as double ruled surfaces. 

145. A warped surface may be generated by moving a right 
line along any two lines, always parallel to the elements of a 
cone, known as the cone director. 

When one directrix is the helix and the other is the axis of 
the helix, parallel to the axis of the cone director, the surface 
is the helicoid. 

When the cone reduces to a plane (one of its limits) the 
elements of the warped surface are perpendicular to the right 
line directrix and it is known as the right helicoid. This may be 
considered with the warped surfaces with two linear directrices 
and a plane director. When the elements of the cone director are 
oblique to the axis, the surface generated is the oblique helicoid. 




146. PROnLKM 54. To pass a plane tangL-nt to the helicoid 
at a given point on the surface. 
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In Fig. 97 it is required to pass a plane tangent to tlic heli- 
coid wtio&e base is the curve AnBi.Li,, at the point D. 

Solution. The tangent plane will contain the element of 
the surface passing through the point, and also the tangent to 
the helix passing through that point. 

CoNSTRucnoN. To draw the helicoid, we have given the 
helix AMN and the axis of the helix OO, as directrices, and the 
cone whose vertex is Q and base 2 3 5 as cone director. Every 
element of the warped surface always touches the directrices and 
is parallel to an element of the cone director. Draw the element 
Q, 3 of the cone director. The parallel element of the helicoid 
will be horizontally projected in OnNi,, as the axis of the cone is 
also the axis of the helicoid. The vertical projection of the ele- 
ment of the cone is at Qv3,. The point N, being in the required 
element, will be vertically projected in the vertical projection of 
the helix at N„. The required element is therefore vertically 
projected through N„ parallel to Qv3v Produced, tliis element 
pierces H at Li,, a point in the base of the helicoid. Other ele- 
ments are drawn in a similar m.aiiner. 

To pass a plane through D, tangent to the helicoid, draw the 
element through D, piercing H at B„, a point in the required 
horizontal trace. The helix through D will be a line of the sur- 
face and its tangent at D will be a second line of the required 
tangent plane. The arc FhUn, is a portion of the horizontal pro- 
jection of this helix. Pass the plane S through F, parallel to H. 
Then the origin of this auxiliary hehx will be in the plane S at 
F, just as the principal helix has its origin in H at A. By the 
method of Problem 3c, draw the tangent DF', piercing H at Kn, 
a second point in the horizontal trace of the required plane. The 
vertical trace is found in the usual manner. 

147. Problem 55. To pass a plane tangent to the helicoid 
perpendicular to a given right hne. 

In Fig. 98 it is required to pass a plane tangent to the heli- 
coid, perpendicular to the line AB. 

Solution. Construct an auxiliary cone with its axis coin- 
ciding with the axis of the helicoid and whose elements make the 
same angle with H as is made by the elements of the helicoid. 
Through the vertex of this auxiliary cone pass a plane pei^pen- 
dicular to the given right line. Then, if the plane fail to intersect 
die base, the problem is impossible. Tf it be tangent to the base. 
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but one plane car. be passed tangent to the helicoid perpendicular 
to the given line; if it intersect the base, two tangent planes may 
be passed. The element or elements cut from the snrface will 
be parallel to the element or elements of tangency of the helicoid, 
and they will have the same horizontal projections. Planes 
through these elements, parallel to the auxiliary plane, will be 
the required tangent planes. 




CoNSTRUC.TiOx. The helicoid is given by the projections of 
its elements and the directrices as in Prob. 54, The auxiliary 
cone used as cone director may be used in the further solution of 
the problem. Through the vertex of this cone pass the plane S, 
perpendicular to the given line AB, cutting the elements OL and 
ON from the auxiliary cone. But the axes of the two surfaces 
coincide and the horizontal projections of the elements cut from 
the cone coincide with parallel elements of the helicoid. Pro- 
ducing the element OE), of the helicoid, it pierces H at Qi,, a point 
in the required horizontal trace. Through Qn pass the plane R, 
parallel to the plane S. A similar construction locates the plane 
passing through the element, parallel to OL. 

148. In Kig. gS the plane R passes through the element of 
the helicoid OE, and is also tangent to the surface. For, if a 
plane contain an element of a warped surface and is not parallel 
to its plane director, it will be tangent to the surface at some 
point along that element. Each of the other elements of the sur- 
face will pierce the plane in a point, which joined will give a line 
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of the surface intersecting the given element. The tangent to 
this curve will be in the given plane, as all the points of the 
curve will be in that plane. Then tlie plane, containing the ele- 
ment of the surface ( its own tangent) and a tangent to a curve 
of the surface, is tangent to the surface at the point where the 
curve intersects the element, 

149. If a right line be revolved about another right line 
as an axis, at a constant distance from it, and always making 
the same angle with a plane perpendicular to the axis, the sur- 
face generated will be a warped surface known as the hyperboloid 
of revolution of one nappe. 

This is the only warped surface of re\'61ution. As a surface 
of revolution every point in the generatrix will have for its path 
the arc of a circle. The path of the point nearest the axis is the 
circle of the gorge. It is common to assume the axis of the 
surface perpendicular to H. The base is therefore generated by 
the revolution of the point in which the directrix pierces TI. 

This surface belongs to the class of warped surfaces with 
cone directors, and is a special case in which the directrices are 
circles parallel to the base of the cone director, with the line 
through their centers parallel to the axis of the cone. This sur- 
face may also be classed with warped surfaces with three linear 
directrices (Art. 153) — the directrices being circles of different 
diameters with their centers in the same straight line and their 
planes perpendicular to this line. The smallest circle, the circle 
of the gorge, must be placed between the others. 

150. Problem 56. To draw the projections of the hyper- 
boloid of revolution of one nappe and to locate a point on the 
surface. 

Solution. Since the surface is generated by a right line 
revolving at a constant distance from the axis, the horizontal 
projection of the path of the point nearest the axis will be the 
circle of the gorge. In all possible positions of the generatrix 
it will be horizontally projected tangent to the circle of the gorge. 
Similarly, the base is found by revolving the point in which the 
generatrix pierces H. As in double curved surfaces of revolu- 
tion the vertical projection is the meridian curve of the surface 
parallel to V, or the principal meridian. This may be found by 
passing through the axis a meridian plane parallel to V, and 
Snding where the generatrix in different positions pierces this 
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plane. To asstime a point on the surface, it is only necessary to 
draw the projections of an element of the surface. 

CoKSTEUCTioN. In Fig. 99 llie axis 00, perpendicular to H, 
and the generatrix AC, are first assumed. Since AC as a matter 
of convenience has been assumed parallel to V, its horizontal 
projection is parallel to the ground line. The shortest distance 
from the generatrix to the axis is the line OhLh, perpendicular 
to AhCi,, and Oi,Lh is therefore the radius of the gorge circle. 
The generatrix AC pierces H at A, and OnAh is the radius of 
the base. To draw the meridian cur\'e whose vertical projection 
gives the contour of the surface, pass the plane S through the 
axis, parallel to V. Let the generatrix take any position, as EQ. 
It will pierce the plane S in a point of the meridian curve re- 
quired. This position of the generatrix pierces S in N, vertically 
projected in Nv, a ix)int in the curve. Other points may be drawn 
in a similar manner and the curves <lrawn. To assume a point 
on the surface we first assume its horizontal projection as Kj,. 
Draw the horizontal projection of an element through Kt,, tan- 
gent to the circle of the gorge. The vertical projection of this 
element contains the vertical projection of the point. 




151. As shown at K, Fig. 99, at any point on the hyperbo- 
loid of revolution of one nappe, two Hnes may be drawn tangent 
to the gorge circle, it follows that the surface is double ruled, 
or may be regenerated by another generatrix revolving- in an 
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Opposite or the same direction. It should also be noted that two 
elements of the surface, one of each generation, may be horizon- 
tally projected in the same line, tangent to the circle of the 
gorge. These elements intersect at their point of tangency with 
the gorge circle, as shown by the two elements vertically pro- 
jected in AX'v and A'vC„, intersecting at L on the gorge. 

The meridian curve of the surface is the hyperbola, .with the 
two elements of the surface parallel to V as its asynitote:^. 

152. Problem 57. Pass a plane tangent to the hyperboloid 
of revolution of one nappe through a given point on the surface. 

Solution. If through the given point an element of I'ach 
generation be drawn, they will determine a tangent plane through 
the given point. 

153. A warped surface may be generated by moving a right 
line so as to touch three lines. These are known as warped 
surfaces with three linear directrices. The simplest surfaco of 
this class is generated by moving a right line so as to rte in con- 
tact with three right lines. 



154. Problem 58, To draw the projections of an element 
of a warped surface with three linear directrices which shall pass 
through a given point on one of them. 

In Fig. 100 let AE, CD, EF be the three directrices r^nd let 
F be the given point. 





SoitrTioK, 
drawn touch in 



FiffJOO 



If with the given point as a vertex, lines be 
either of the other directrices, they will form 
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elements of a cone. If the point be foimd in which this cone is 
pierced by the third directrix, the line drawn through this point 
and the given point will be an element of the surface, touching 
all the directrices. If the cone bo pierced more than once by the 
directrix, more than one element of the surface can he drawn 
through tlie given point. 

Construction. Draw the elements of the cone FC, FG. . . 
FD. To find wiiere tliis cone is pierced by the element AB, we 
find the line of intersection of the horizontal projecting cylinder of 
AE and the cone. This line is vertically projected in the line Kv, 
NvJ\Iv, intersecting AvB„ in Nv. The line FN is the required 
. element of the surface. 

If the directrices are right lines the avixiliary cone becomes 
a plane and it is only necessary to find where this plane is pierced 
by the third directrix. 

Example i. Construct both projections of the helicoid gen- 
erated by a line which turns about a vertical axis to which it 
is inclined at an angle of 45°, one end of the generating line 
being in the axis. Let the initial position of the line be parallel 
to V, to the left of the axis, from which position it is to torn 
about the axis opposite to the hands of the watch, rising 3" in 
one complete turn. Show i 1/2 turns of the helicoid, drawing 
elements at intervals of 15° or 22 1/2°, and limiting the helicoid 
by a cylinder of i 3/4" radius. Assume a point on the surface 
and find the traces of the plane tangent to the helicoid at this 
point. Find also a plane tangent to the surface perpendicular 
to any assumed line. 

Example 2. Find the curve of intersection of the helicoid 
in Example i, by a plane passing through a point 2" above the 
plane of its base, its horizontal trace making an angle of 30° 
with iriX and the plane making an angle of 30" with H. 
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CHAPTER VIII. 
Shades and Shadows. 

155. It is sometimes important to know what portion of an 
object is in the, light, what in the shade, and the extent and 
shape of the shadow which it casts on the plane of its base, or 
on surrounding objects. 

AH rays of light are considered parallel right lines when- 
passing through the same medium, or not obstructed or reflected. 

Finding the shaded portion of a solid consists in finding the 
lines of contact with the solid, of either planes of rays or cylinders 
of rays, or both. These may be tangent planes or tangent cylin- 
ders, as in the case of cylinders and spheres; or, planes of rays 
may only touch the lines of contour, as in the case of rays striking 
obliquely on all the faces of a cube, touching its edges. Tliat 
portion of an object between the source of light and the contour 
line is illuminated. The portion beyond the contour line is in the 
shade. 

In general, the solution of problems in light and shade and 
the finding of the shadow of an object, either on the planes of 
projection or on other objects, involves no new principles. The 
application of the principles given in the chapter on the point, 
line and plane, and in tlie chapter on planes tangent to solids, 
should give the solutions. 

When the direction of the ra}'s of light is not given, it is 
assumed that the hght comes over the left shoulder so that the 
vertical and horizontal projections of a ray make angles of 45° 
with the ground line. 

156. PROBLEii 59. To find the shadow of an upright cross 
upon the plane of its base and upon itself. 

CoNSTKUcTroN. In Fig. loi let the cross and the direction 
of rays of light be given as shown by their projections. As the 
base of an upright figure can not rest on the H plane in the third 
quadrant, its shadow will not be on H, but on a parallel plane 
which may be called the nlane S, the plane of the shadoAv. The 
ray through A pierces S at A', which is, therefore, the shadow 
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of A on the plane S. Since the vertical edge throug-h A is perpen- 
dicular to S, its shadow will lie in the projection on that plane 
of the ray through A. Similarly, the shadow of the point C 
falls at C However, since the edge AC is parallel to S, its 
shadow on that plane is parallel to itself. Similarly, the shadow 
D'C is parallel to CD. The shadow of the vertical edge through 
A falls on the arm in the line AnA', and the shaded portion is in 
the shadow. The shadow of P upon the cross is located by find- 
ing where the ray through F pierces the face DKMN in F'. The 
shadow of GF is parallel to itself. The point O is its own 
shadow, and F'0„ is the shadow of the < 1 FO 




157. Problem 60. To construct the shade of an ohlique 
cone and its shadow upon H. 

Construction. Let the cone be given as in Fig. 102 and 
the projections of the ray of light through the vertex in the line 
OO'. The shadow of the vertex on S is at O'. All points of 
the base, being in S, will make their own shadows. Then lines 
drawn from O', tangent to the base will be the limithig lines of 
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the shadow. That portion limited by the elements of taiigency of 
the light, OB and OC, will be in the shade. 




158. Problem 61. To construct the shade of a cylindrical 
coKimn, and of its cylindrical abacus, and the shadow of the 
abacus on the column. 
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CoNSTEUcTTuK. Let the cylinder with its abacus be given 
as shown in Fig. 103 with the Hght as shown in the projections 
of EE'. As the light is tangent to the abacus along the element 
through G, the shade on the abacus extends_from G to K, In 
like manner the hght is tangent to the cylinder along the element 
through E, and the shade on the cylinder extends from the ele- 
ment through E' to the right to the contour element. To find 
the shadow of the abacus on the cylinder, find where the rays 
through its lower edge pierce the cylinder. Thus the ray through 
B pierces the cylinder in B'. Other points determine tlie vertical 
projection of the curve. 




159. FROiiLKit 62. Given the projections of a i)yramid rest- 
ing on its base, to find the shade on the pyramid, its shadow on 
its base and the shadow of both on the plane of the base. 

Construction. The shaded portion of the pyramid is in 
the sha'de. The shadow of the base is shown in B'C, CD'. The 
shadow of the vertex K falls at K'. To find the shadow of the 
edge EK it will be necessary to pass a new plane through the 
upper base, parallel to H, and find the shadow of K on the aux- 
iliary plane shown at K". The point E being in this plane, will 
be its shadow on that plane. EK" is therefore the required 
shadow. To find a second point in the shadow of EI'C on the S 
plane, pass a ray through E, its shadow falling at E'. Or KE 
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mighl: have been produced to pierce the 
joined with K', would give the shadow. 
in Fig. 104. 



S plane, ivhich point, 
Construction is shown 



160. Probt,i;m 63. To construct the shade of an ellipsoid 
of revolution and its shadow on the horizontal plane. 

CoNSTRUCTTON. Let the direction of hght and position of 
ellipsoid be as shown in Fig. 105. The line of contact of the 
cylinder of rays and the ellipsoid of revolution will be an ellipse. 
The meridian plane of the ellipsoid, parallel to the direction of 
light, will also be a meridian plane of the cylinder of rays, and 
will therefore cut from their curve of intersection, a line of sym- 
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metry, in this case the major axis of the ellipse of shade. The 
extremes of this axis are found by revolving both the meridian 
curve and the rays tangent to it, until they are parallel to V. 
Thus a ray through O, the center of the ellipsoid, having the 
direction OO', when parallel to V will be the line OO". Parallel 
to 00" draw rays tangent to the meridian curve at C and B'. 
After counter revolution the points of tangency are at C and B. 
The horizontal projection of CB is the minor axis of the hori- 
zontal projection of the curve of tangency of light. The minor 
axis of the curve of shade will be parallel to H and is projected 
in the line KL. Points in the vertical projection of the curve of 
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shade may be found by passing auxiliary planes parallel to TT 
and finding where the circles cut from the: surface of revolution 
intersect the horizontal projection of the curve of shade. 

Points of the curve of shade may also be found as follows : 
If a ray of light be projected on any meridian plane, and then a 
tangent be drawn to the meridian curve, parallel to the projected 
ray, tlie point of tangency will be a point in the curve of shade. 
The meridian plane with the projection of the ray upon it must 
be revolved parallel to V, and after the point of tangency is 
found, must be counter-revolved to its original position. 

161. A double curved surface, when illuminated, has one 
or more points which are more brilliant than the surrounding 
surface. These points have the direction of their surfaces such 
that the rays of light striking them are reflected directly to the 
eye, and are known as brilliant points. At such a point, the 
incident ray, the normal to the surface and the reflected ray are 
in the same normal plane, and the angle between tlie incident ray 
and the reflected ray is bisected by the normal to the surface at 
the brilliant point. 

162. pROOLirM 64. To find the brilliant point on the ellip- 
soid of revolution, the direction of light and the position of the 
eye being given. 

In Pig. 106 the light is in the direction DO and the line to 
the eye is horizontally projected in AhOi,. 

Solution. The bisector of the angle between a ray of light 
through any point and the line to the eye through the point is 
normal to the surface at the brilliant point, which is the point 
of contact of a plane tangent to the surface perpendicular to the 
normal. To find this bisector, the plane of the ray and the line 
to the eye is revolved parallel to H. The meridian plane con- 
taining this normal, cuts a line from the tangent plane which is 
tangent to the meridian curve at the desired point. Revolving 
the meridian curve parallel to V, this tangent can be drawn. 
After cotmter revolution the point is shown in its true position. 

Construction. As tire projection is orthographic, any line 
perpendicular to V may be considered the line to the eye. The 
plane of DO and AO is revolved parallel to H, and the bisector, 
parallel to the desired normal, is located at OG. Note that this 
auxiliary plane is perpendicular to V and that all its lines are 
therefore vertically projected in X)^Oy. The meridian plane S, 
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through the noniial, is revolved parallel to V, the normal being 
shown after revolution vertically projected in OvG"v. M'vN„' is 
the line of the tangent plane cut by the meridian plane, tangent 
to the surface at M'. After counter revolution M' falls at M, 
and the brilliant point is located. 




Example i. Find the brilliant point on a sphere, the line 
of shade and the shadow on H. The radius of the sphere is 
r 1/2", its center is 2" above H and 3" in front of V, and the 
rays of light make an angle of 30° with H and 45° with V. 

Example 2. An elliptical dome is cut from 12 pieces of 
sheet metal, as illustrated in tlie sketch, Fig. 107. The radius 
of the circumscribed circle of the base is 16', the height is 20'. 
It is required to find the element which reflects light to the eye 
of the observer. The horizontal projection of a ray of light 
makes an angle of 45° with the ground line and the vertical pro- 
jection makes an angle of 30° with the ground line, the projec- 
tion being orthographic. 

Note: The surface being made up of 12 sheets of metal, 
will only approximate an ellipsoid. Instead of a brilliant point 
there will be a brilliant line. 

Example 3. Find the brilliant element of a riglit cone willi 
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a circular base. Assume all dimensions and the direction oi 
light. 

Example 4. A hollow cylinder rests 011 H with its axis par- 
allel to H and making an angle of 30° with V. The outside 
diameter is 3", the inside diameter 2 1/2", length 3 1/2". Light 
ccmes over the left shoulder, the horizontal and vertical pro- 
jections of rays making angles of 45° with the ground line. 
Find the lines of shade, the brilliant elements and the shadow 
on H and on the interior of the si\rface. 

Example 5. Find the brilliant points on the torns, its axis 
being perpendicular to H. Assume all dimensions and usual 
direction for light. 




Fig.JOP" 
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CHAPTER IX. 

rEUSPGCTIVE. 

163. Since orthographic projections are made on the sup- 
position that the eye of the observer is at an infinite distance, 
they can never show an object as it actually appears to an 
observer at a finite distance. 

164. Linear perspective has for its object the representation 
on a singfe plane, of the general form, and contour lines of a 
body, and as many of the details of construction as the special 
problem requires, as they actually appear to the eye of the ob- 
server. 

165. The vertical plane on which the drawing is made is 
known as the picture plane, and is usually placed between the 
object to be drawn and the eye of the observer, with the purpose 
of making the drawing smaller than the object, and also to 
prevent the distorted drawings which result from placing the 
object too close to the eye. When the eye is placed above and 
a perspective drawing made on an H plane, the picture is known 
as a bird's eye view. This method is sometimes used to make 
pictures of large areas, as town sites, exposition grounds, etc. 

166. As in orthographic projection, the projection of a 
point is Tound by drawing a line from the eye to the given point, 
and finding where this line, produced if necessary, pierces the 
plane of projection, or picture plane. This projection, however, 
is known as the perspective of the point. 

167. The eye is known as the point of sight. Lines drawn 
from the point of sight are known as visual rays. If drawn to 
touch a right line tliey form a visual plane ; if to touch a curved 
line, when the eye is not in the plane of the curve, or a curved 
surface, they form a visual cone. 

As the projection of the eye, or point of sight upon the pic- 
ture plane is a frequent point of reference, it is known as the 
principal point of the picture. 
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Since the principal point is the orthographic projection of 
the eye upon the picture plane, a horizontal line passing through 
the principal point is as high as the eye and is known as the 
horizon of the picture. 

l68. PROBLKM 65. Find the perspective of a point wheti the 
orthographic projections of the eye and the point are given. 

/ •■ 
74^ 



/\^h 



/ 
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In Fig. 108 let E be the eye of the observer and A the given 
point. Then Ev is the principal point of the picture and the 
horizontal line through Ev is the horizon. Drawing a line from 
the eye to the point, it pierces V in the point A', which is the 
perspective of the point A. 

This construction is absolutely general and may be made to 
cover every case; for the perspective of a right line may be 
determined by two of its points, curved lines by successive points, 
planes and surfaces by lines, etc. 

169. It is possible by taking advantage of rules which apply 
to classes of points and lines, to shorten the number of operations 
necessary in finding their perspectives by the general method 
given for finding the perspective of a point. 

170. Problem 66. Find the perspective of a line when its 
orthographic projections and the projections of the point of sight 
are given. 

In Fig. log, Ev is the principal point and AR the given line. 

Solution. If visual rays be drawn through consecutive 
points of the given line and the points be found in which they 
pierce the vertical plane, the line joining these points will be 
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perspective of the given line. But visual lines drawn to touch 
a right line form a visual plane and they pierce V in the vertical 
trace of the plane. Therefore, if through the eye and the given 
line a visual plane be passed, its vertical trace will be the per- 
spective of the line. The point in which the given line pierces 
the plane of the picture will be one point in the required per- 
spective ; or, in general, if a point is in V, it will be its own per- 
spective. To find another point of the perspective of the line, 
or another point in the vertical trace of the visual plane through 
the line, draw a line through the eye, parallel to the given line. 
This will be a line of tlie visual plane and will pierce V in a 
point of its vertical trace, and is therefore a second point in the 
perspective of the line AB. 




But the line through the eye, parallel to the given line, will 
be parallel to all lines parallel to that line. Then tlie point in 
which it pierces tlie picture plane will be a point common to the 
perspectives of all lines parallel to the given line, and is known 
as the vanishing point of those lines. 

Therefore, to find tlie vanishing point of a system oC parallel 
lines, draw a line through the eye parallel to the system of lines, 
and find where it pierces the picture plane. As parallel lines are 
assumed to meet in a point at an infinite distance, the vanishing 
point of a system of parallel lines is the perspective of this their 
assumed meeting point. 

Joining the point in which a given right line pierces the 
picture plane and the vanishing point, with a right line, deter- 
mines the perspective of the Hne. 
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If the given line be parallel to H, the line from the eye, par- 
allel to the given line, will pierce H at a point as high above H 
as the eye of the observer, or as high as the principal point of the 
picture, therefore in the horizon. The vanishing point of all lines 
parallel to H will therefore be in the horizon. 

The vanishing point for all lines perpendicular to the picture 
plane will be at the principal point of the picture. 

Ex. I. Draw the perspective of a i\" cube, one edge being in 
the V plane, the base being 8 inches below H, the eye eight inches 
in front of V, one inch below H, and two inches to the right of 
the right-hand edge of the cube. Let an edge of the base make 
an angle of 30° with the ground line. 

Ex. 2. Draw the perspective of a square pyramid resting on 
a square base. Place the eye well above and to the right of the 
object. Make use of vanishing point of parallel lines. 

i-,et it be reqiiired to find the perspective of .a point bv the 
method of perpendiculars and diagonals. 
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In Eig. no the perpendicular pierces V at A^. Then A,Ev 
is the perspective of the perpendicular. The vanishing point of 
line making an angle of 45° to the right of a perpendicular is at 
Dv, known as the vanishing point for diagonals. A line through 
A, parallel to Ei,Dh, pierces V at F,, one point of the perspective 
of the diagonal. The vanishing point for this line being at D„ 
the perspective of the line is F„D,. Since the diagonal and per- 
pendicular were drawn through A, their perspectives intersect in 
the perspective of the point at A'. 
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173. The diagonal, making an angle of 45° with the perpen- 
dicular to V, will, if drawn through the eye, vanish in the horizon 
at a distance from the principal point equal to the distance of the 
eye of the observer from the picture plane. The vanishing points 
for diagonals are therefore known as distance points. 

174. As in orthographic projection, if a line be parallel to 
the picture plane, its perspective is parallel to the line itself. Then 
to draw the perspective of lines which are pafallel to the picture 
plane, it is only necessary to find the perspective of one point of 
the line and through that point draw a line parallel to the vertical 
projection of the given line. 

175. The perspective of curves may be found by determining 
successive points and joining them by a curve. 

If the plane of the curve be parallel to the picture plane, its 
perspective will be a similar curve. Thus if the curve be a circle, 
its perspective will be a circle. In all positions except with its 
plane parallel to the picture plane and with its plane in the horizon 
plane, the perspective of a circle will be an ellipse. 




176, Problem 68. To find tlie perspective of a circle. In 
Kig. Ill the plane of the circle is parallel to H. Ev is the prin- 
cipal point of the picture and the vanishing point for perpendicu- 
lars, Dv is the distance point, E,Dv the horizon and F^ the point 
of sip-ht. 
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By means of the perspectives of perpendiculars and diagonals 
the points A' and C, etc., are found. The greatest angle of vision 
is obtained when tangents are drawn from the point of sight to 
the circle. The perspectives of the points of tangency are shown 
at A' and B', and A'B' will be the major axis of the ellipse. Addi- 
tional points may be determined in like manner and the curve 
drawn through them. 

It should be noted that the major axis of the ellipse is not the 
perspective of a diameter as of GK, but of a chord, AB, parallel 
to GK. Moreover, A and B are the points of tangency of visual 
rays, and if the figure were a solid, would be points in the line of 
apparent contour. 

177. As rays of light are considered as parallel lines, they 
will have a vanishing point which may be found by drawing the 
projections of a ray through the eve, and finding where it pierces 
V. 

The direction of the light is assumed at willy either by draw- 
ing the projection of a ray, or assuming the vanishing points of 
rays. The draftsman is more certain to place the shadow of 
an object where he wants it by assuming the vanishing point for 
rays, and this method is usually followed. 

178. Since it is usually required to find the shadow of the 
object on the horizontal plane passing through its base, it is 
necessary to find the perspective of the point in which a ray 
pierces this horizontal plane. This may be found by the general 
method of the perspective of a point, but the usual method is to 
find the perspective of the ray and the perspective of the hori- 
zontal projection of the ray. The intersection of these perspec- 
tives will be the required point. 

The horizontal projection of a ray, being a line of H, will 
be a horizontal line and will therefore vanish in the horizon. 

A ray of light and its hori^.ontal projection being in the same 
plane perpendicular to H, their vanishing points will be found in 
the same perpendicular to the ground line. Therefore, if the 
vanishing point for rays has been assumed or found, a perpen- 
dicular to the ground line through this point intersects the hori- 
zon in the vanishing point for the horizontal projection of rays. 

179. Pkoki,i!m 69. Construct the perspective of a rectangu- 
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lar pillar resting on a base, with its shade, and shadow on the 
plane of its base. 

Construction. The figure 112 shows the perspective found 
in part by the method of vanishing points for parallel lines and in 
part by the general method of the perspective of a point. The 
student is at liberty to use these or the method of perpendiculars 
and diagonals if he prefers. All lines of the object parallel to AB 
will have their perspectives intersecting in the vanishing point 
hw, and one point in each line is sufficient. The vanishing point 
for rays is assumed at Mv- The vanishing point for the horizon- 
tal projections of rays will be in the horizon in the perpendicular 
to the ground line through M„ the vanishing point for rays, at 




To find the perspective of the shadow of any point as A, 
through the perspective of the point draw the perspective of a 
ray, as the line A'M,. The perspective of the horizontal pro- 
jection of a ray must be drawn through the perspective K' of the 
projection K of A on the plane of the base S. The perspective of 
the horizontal projection of the ray through A is drawn through 
K'Nv. The intersection of these perspectives gives the perspective 
of the shadow of the point, A". 
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180. Problem 70. To construct the perspective of a cylin- 
drical column with a square pedestal and abacus, and the shade of 
the column and shadow of the abacus on the column. 

CoxsTRUCTiCN, The projections of the column with its base 
and abacus are shown in Fig. 113. As one face of the abacus 
and one face of the base are placed in tlie vertical plane, or picture 
plane, they will be their own perspectives. The eye is projected 
on the picture plane at Ev, the principal point. The eye is placed 
at a distance in front of V equal to the distance EvD,. The 
horizontal projection of the eye is not shown but could be found 
by laying off from the ground line along the perpendicular 
through Ev the distance E,-Dv. The perspectives of the various 
points are found by the method of perpendiculars and diagonals, 
though the student may vise any method he may prefer. The 
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vanishing point for rays is assumed at Mv (not shown in the 
limits of the drawing), giving the vanishing point for the hori- 
zontal projections of rays in the horizon at Nv. The element 
of the cylinder along which light is tangent is found by drawing 
the perspective of the horizontal projection of a ray, tangent to 
the base of the cylinder at A". The ray which has the perspec- 
tive of its horizontal projection tangent to the cylinder at A', 
passes through the point B', on the lower edge of the abacus. 
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determining a point of its shade on the cyhnder. Other points 
of this curve may be found by first drawing the perspective of 
the horizontal projection of a ray, as the one passing through F", 
cutting the cylinder at G". Draw the element through G". The 
perspective of the ray through F' intersects this element in the 
shadow of G' on the cylinder. Other points are found in a similar 
manner. 

Example i. Construct the perspective of a hollow cylinder 
with its axis peqDendicular to H, and show its shade and shadow 
on its interior surface. 

Example 2. Show the perspective of the frustum of an 
inverted cone, with its axis perpendiciilar to H, and show its 
shade and shadow. 

Example 3, Show the perspective of a sqiiare pyramid rest- 
ing en a s(juarc base, with al! the edges of the base oblique to 
the picture plane, the eye being to the right of the projections of 
the object. Show the shade and shadow on the base and the 
shadow on the plane of the bfise. 

Example 4. Show the perspective of a cross, the portion in 
the shade and the shadow on the arm and on the plane of the 
base. The cross has the following dimensions : Height to arms 
6", timber of cross i 1/2", length of arms 3", height above arms 
3 1/4". The picture plane contains an edge of one of the arms 
of the cross, the horizontal projection of the arm making an 
angle of 15° with the picture plane. The eye is 10" from V, 3" 
to the right of the center of the cross, and midway between the 
base and the top of the anns. 

Example 5. Assume the plan and elevation for a cottage of 
simple design. Select the best point of sight with reference to 
the picture plane and make a complete perspective drawing. 
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EXAMPLES. 
Tni; Point, Lint; and Plane. 

Ex. I. Given tlie traces of two planes. (0.25, o, o), (2.25, 
o,— 2), {175,-1.5,0), (3.75'0,o), {2.25,0—2), (i.75,_i.5,o), 
find the line of intersection and the true length of that portion of 
it which is included between H and V. 

Ex. 2. Find the traces of tiie plane which passes through 
the points (6, — i, — t), (8, — 0.5, — 2) and (9, — 2,-2). Construct 
the projections of a square situated in this plane, the horizontal 
projection of one of its diagonals being (4.5, i, o) (7, 2, o). 

Ex. 3. Given A{6.5— 2.25,— 1.25) B(8.5,— 3.5,-3.5) ; pass 
a plane through AB so that the vertical trace may make an angle 
of 45° with the ground line. Construct the projections of a cube 
which stands on the plane, AE being the edge nearest the hori- 
zontal trace. Draw the line C{3.5, — 1.25, — 5.0) D(g.5, — 3.5,^ — 
2.75) and find the points where it intersects the cube. 

Ex. 4. A line passes through tlie points {o, 3, 3), and 
(4, 1.75, o) ; and another through the points {2.75, — 0.25, o), and 
(4.75, 1.75, 2.5). Find the shortest line which can be drawn join- 
ing the two given lines, and construct a parallelopiped, three of 
whose edges are the given lines and the perpendicular between 
them ; making the edges all equal to the perpendicular, and placing 
the solid above and in front of it. 

Ex. 5. Pass a plane through A(5.75, — 2, — 1.75), perpen- 
dicular to B{io, — 2.75, — 2.5), C(ii,5, — 0.75, o). Pass a second 
plane through A parallel to the same line and also parallei to the 
line D(io, — 2, — r.g), E(ii.5, — i, — 1.4). The first plane forms 
the lower face of a cube, the second plane forms another face, 
and A is that vertex of the lower face which is farthest from H 
and farthest to the right. The edge of the cube is 2 inches ; find 
its projections. 

Call the vertices of the lower face A, F, G, and K, and those 
of the upper face A', F', G', K'. {AF is the edge formed by 
tlie intersection of the two given planes.) Pass a plane through 
the middle points of AF, AK and KK' and find the section of the 
cube by this plane. 
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Revolve the section upon H to the right in such 
as to show the true form of the section without interfering with 
the reniainder of the problem. 

Ex. 6. The point .^(5.75, — 2,— -2) is the center of a cube 
whose edge is 3 inclies, one face is parallel to the plane (o, o, o) 
{3, o, — 1.5) (3, — 1.75, o), and the vertical projection of the per- 
pendicular from A upon another face passes through 6(7.75, ^' 
— .3-75)- Construct the projections of the three perpendiculars 
through A to the faces of the cube. 

Ex, 7. Given the lines A(2.— i,— 4), B(6.2,— 3.4,— 1.25), 

and A C(6.2, 3.4, 2.5'). A perpendicular to AB is 

erected at B meeting AC produced, and forming a right triangle 
in space. This triangle revolves about AB and it is required to 
draw the projections of eight of its positions at equal intervals of 
45°. To do this, pass a plane through B, perpendicular to the 
axis. The base of the triangle describes a circle in the plane. 

Revolve B upon H, draw the circles, and determine the re- 
volved positions of the moving angle of the triangle, then find the 
true positions on the plane. 

Ex. 8. Erom the point, (7.— t-S, — 3-5), let fall a perpen- 
dicular upon the plane (6, o, o), (o, 0,^3.5), (10, — 4, o). Con- 
struct the projections of a regular tetrahedron of which the per- 
pendicular shall be the altitude, one base being in the given plane, 
and one of the sides of this base (the one farthest to the left), 
parallel to a line in the given plane, whose horizontal projection 
is (2, o, o), (o, — 3, o). 

CoNSTEUcTioN. Rcvolve the foot of the perpendicular upon 
H to the right ; construct the base of the tetrahedron in that posi- 
tion and revolve it back. The ratio of the altitude of a tetrahedron 
to its edge may be found by constructing the projections of one 
at a convenient place on the paper, in this take one side perpen- 
picular to the ground line and, say, 1.5 ind:ies in length- 
Ex. 9. The vertices of a quadrangular pyramid are given 
as follows: £{0.5,— 0.5,— 3.5), A(3,— 2.5,— 1.25), 6(4,-1.5,— 
0,75,), C(3.5, — 0.5, o), 0(2.5, — lO' z^- '^'■'^ vertex is the point 
E. It is required to find the third co-ordinate of the point D, to 
construct the pyramid, and to develop its surface. 

Make the development by revolving the face EAB to the 
right about its horizontal trace until it coincides with H, attach 
the other faces in their order working upwards, anci join the base 
to the face EAD. 
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Ex. 10. It is required to construct a truncated prism with 
its base in H and is terminated by V ; the upper base is a quadri- 
lateral whose vertices are A{5.5, — 3.5, o), B(6,— 2, o), €(7.5, — 
1.5, o) and D(8, — 2, o). One edge passes through A and A' (9,5, 
0,-4). Having constructed the prism, develop its surface by 
revolving the face which meets H in AB to the left until it coin- 
cides with H ; to this face attach the lower base and then the other 
faces in their order, working towards the left. 

Inteksuctions of Solids p.y Planes. 

Ex. T. A cube whose edge is 1.5 has its upper vertex at 
(2. 2, 3) ; the diagonal through this vertex is vertical and the 
cube is so situated tliat a plane passed through this diagonal, per- 
pendicular to v. contains two of the edges. 

1. Construct the projections of the cube in the given posi- 
tion. 

2. Suppose the solid moved 3 inches to the right, and then 
to be turned through an angle of 45° about the vertical diagonal 
as an axis; the direction of rotation being opposite to that of the 
hands of a watch. Construct the projections of the cube in its 
new position. 

3. Having constructed the cube in its last position, pass a 
plane through the middle points ri the two edges of the upper 
face which lies farthest to the right, and also through the middle 
point of another edge, so that the section may be a regular hex- 
agon. Finally revolve the section upon V to the right. 

Ex. 2. A right circular cone lies with an element in H, its 
vertex at (6,- — 2, o) and the upper element parallel to V. The 
altitude is 5 inches, radius of base 2 inches, and the base lies to 
the left of the vertex. 

1. Construct the projections of the cone, drawing elements 
at intervals of 15°. 

2. Find the horizontal projection of the section of the cone 
by a horizontal plane i inch below H. 

3. Find the vertical projection of the section by a vertical 
plane 3 inches behind V. To construct the right branch of the 
hyperbola produce the elements in the vertical projection, the 
vertex is then the center of symmeiry of the hyperbola. 

Ex. 3. A right circular cylinder is in the third quadrant, 
with its base in H, center of base at (2.25, — 2, o), radius 1.5, alti- 
tude 4. A plane perpendicular to V and making an angle of 45° 
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with H, passes throngli (4.25, O, o) and cuts the cylinder below 
H. 

1. Draw elements of the cylinder at intervals of 15°, and 
revolve the section upon H to the right. 

2. Develop the curve of intersection. To do this suppose 
the cylinder moved until the extreme front element come? into 
contact with V at (4.25, o, o), and then rolled alonj V to the 
right until it has been turned through an angle of 270". 

Ex, 4, A torus is generated hy a circle, radius 1.25 inches, 
which revolves about a vertical axis through (6,5, — 2.5, o), the 
initial position of the center is at (8.5, — 2.5, — 1.25). A plane 
whose horizontal trace makes an angle of 135° with the ground 
line, is inclined to H at 4=," and is tangent to the front inner sur- 
face of the torus. 

It is required to construct the projection of the torus and the 
traces of the plane and to lind the projections of the curve of 
intersection. To determine points of the curve pass a series of 
parallel planes at intervals of 15° on the circumference of the 
generating circle. 

Ex. 5. A right circular cone stands in H, center of base at 
(4, — 2, o), radius 2 inches, vertex (4, o, — 4.25). It is required 
to find the section of the cone by a plane whose horizontal trace 
is (l, O, o), (4,^ — 4, o) and which makes an angle with H equal 
to that made by the elements of the cone. 

Revolve the section upon H to the right, first moving it to 
the right and turning it far enough to clear the ground line and 
the rest of the drawing. 

Ex. 6. An oblique cyUnder with a circular base stands 
in H, center of base (2 1/2, — 3, o), radius i 1/4 inches. The 
horizontal and vertical projections of the elements make angles 
of 30° and 45° with the ground line, respectively. 

It is required to find the projections and true form of a right 
section by a plane through (41/2, — 2, — 3). (Revolve to the 
right about the horizontal trace.) Draw tangents to the curve 
from some point on the horizontal trace of the plane, 

Ex. 7. An oblique cone with a circular base stands on II, 
the center of the base is (5, — 2.5. o), radius 1.5 inches, and the 
vertex is (8, — i, — 4), 

It is required to draw the projections of the cone, the pro- 
jections of its section by the plane (5, o, o), (2, o, — 4), (8, — 3, 0), 
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and to find the true form of the section by revolving it to the right 
upon II, 

In the finished drawing show only the hmiting elements of 
the cone, and draw fhrotigh some convenient point on the trace 
two tangents to the section. 

Ex. 8. A right circular cone stands in H, center of base at 
(3.0, — 2.5, o), radius 2", altitude 4". A plane passes through 
(4.5, o, o), perpendicular to V and parallel to the extreme right- 
hand element of the cone. Draw elements at intervals of 30° and 
find the projections of the section fa parabola). Draw a tangent 
to the curve. Revolve the curve and tangent on V. 

Ex. g. A right circular cone stands on H. center of base at 
(ii.G, — 3.0, o), radius 2.5", altitude 3.25", The cone has two 
nappes, the upper one to be taken, equal to the lower one. A 
plane passes through (13.25, o, o) perpendicular to V, and at 60° 
with H. Find the projections of the section (an hyperbola) and 
its assymptotes. Revolve the curve and assymptotes upon V, 
turning the vertical trace until it is perpendicular to the !:;round 

Intersection of Solws. 

Ex. I. A triangular pryamid, K(4, — 1.25, — 3,5), A(2.75, 
—0.5,-1), 6(3.5— 2.5,— 0.75), C{6.25,— 1.5,— 1.5), is pierced 
by a right triangular prism, one of whose edges is 0(1.5,— 0.25, 
— 3-25), E(8, — 3, — 2), the other two edges passing through the 
points F(2.25, — 1.5, — i.75) and 0(4.50, o, — 2.25), respectively. 

Draw the projections of the solids, showing the lines of inter- 
section. 

Ex. 2. A prism has its base in H, both projections of its 
elements making angles of 30° with the groimd line. The base 
is a regular hexar;on. the center being at {2, — 3.5, o), and one 
vertex at (3,-2.5, o). 

A second prism has its base in H, both projections of its 
elements making angles of 135" with the ground line. The base 
is an equilateral triangle, the center being at (6.5, — 3.5, o), and 
one vertex at (7.5, — 4, o). Construct the projections of the 
prisms and of the lines of intersection. Use a series of auxiliary 
planes parallel to the elements of both prisms. 

Ex. 3. A torus is generated by a circle which revolves about 
a vertical axis through (4.5, — 3.5, o). The radius of the gener- 
ating circle is i inch; distance of center below H, 2 inches; dis- 
tance of center from axis, 2.5 inches. 
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